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In [Hz], Heinz proved that there is no harmonic diffeomorphism from the unit 
disk D onto the complex plane C. The result was generalized by Schoen [S] and he 
proved that there is no harmonic diffeomorphism from the unit disk onto a complete 
surface of nonnegative curvature. Unlike conformal or quasi-conformal maps be- 
tween Riemann surfaces, the inverse of a harmonic map is not harmonic in general. 
Hence it is an interesting question whether there is any harmonic diffeomorphism 
from C onto D equipped with the Poincare metric. In fact a general form of this 
question was formulated by Schoen [S] as follows: Is it true that Riemann surfaces 
which are related by a harmonic diffeomorphism are necessarily quasi-conformally 
related? 

Let us first recall some facts on harmonic maps between surfaces. Let £1 and 
£2 be two Riemann surfaces with conformal metrics p 2 (z)\dz\ 2 and a 2 (h)\dh\ 2 re- 
spectively. The harmonic map equation for maps from £1 into £2 can be written 

as 

h zz - + 2{\oga) h h z h- = 0. 

Define \\dh\\ = p~ 1 a\h z \, and \\dh\\ = p~ 1 a\h-\. Hence \\dh\\ and \\dh\\ are the 
norms of the (l,0)-part and (0, l)-part of dh. The energy density of h is given by 
e(h) = ||a/i|| 2 +p/i|| 2 , andthe Jacobianof/iisgivenby J(h) = \ \dh\\ 2 -\\dh\\ 2 . The 
Hopf differential of h is defined as 4>dz 2 = a 2 {h)h z h z dz 2 , which is the (2, 0)-part of 
h* (a 2 (h) \dh\ 2 } . It is well known that if h is harmonic then cj)dz 2 is a holomorphic 
quadratic differential defined on £ l5 see [C-G]. If h is an orientation preserving local 
diffeomorphism, then J{u) > 0, which implies that \\dh\\ > everywhere, and that 

e 2w > \d>\ 
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where w = log | \dh\\. 

In [Wn] , the third author proved that orientation preserving harmonic diffeomor- 
phisms on the hyperbolic plane H 2 can be parametrized by their Hopf differentials, 
provided that they can be realized as the Gauss maps of constant mean curvature 
cuts in the Minkowski space M 2 ' 1 . The last condition is equivalent to the fact that 
|<9/i| 2 |<i,2:| 2 is a complete metric on D, where \dh\ is the norm of dh with respect to 
the Euclidean metric on the domain and the Poincare metric on the target. The 
result was generalized to harmonic maps from C into H 2 in [W-A] and to more 
general surfaces in [T-W 1]. 

Hence in order to study the behaviors of harmonic maps from C or D into H 2 it is 
useful to study their Hopf differentials. In [Hn] , Han proved that if h is a harmonic 
diffeomorphism from C into H 2 whose Hopf differential is a polynomial, then the 
closure of h(C) in ff = i 2 U OB 2 is the convex hull of a totally disconnected 
closed set in <9HI 2 , provided that |<9/i| 2 |cfe| 2 is complete on C. In particular, h is 
not surjective. Here dW 2 is the geometric boundary of H 2 . Later in [HTTW], it 
was proved that the closure of the image of an orientation preserving harmonic 
diffeomorphism h from C into H 2 is an ideal polygon with exactly to + 2 vertices 
on <9H 2 if and only if the Hopf differential dz 2 is a polynomial of degree to, i.e. 
<fi is a polynomial of degree to. Note that by [Wn, T-W 1], we know that <j> is of 
degree no greater than to if and only if h is of polynomial growth of degree at most 
to/2 + 1. 

In higher dimension, one cannot expect that such a clean statement continues to 
hold. However, in [L-W 1], Li and Wang were able to generalized part of the above 
result for a much more general class of manifolds. They proved that if M n is a 
complete manifold with nonnegative Ricci curvature and N is a Cartan-Hadamard 
manifold with sectional curvature pinched between two negative constants, then the 
closure in iV U dN of the image of harmonic map from M n into N with polynomial 
growth of degree at most I is in the convex hull of finitely many points on the 
geometric boundary dN of N. Moreover, the number of points is bounded by a 
constant depending only on n an i. Actually, they only assumed that M satisfies 
the so-called weak volume growth condition and weak Poincare inequality. In [L- 
W 3], they also obtained a sharp estimate for the number of points on the ideal 
boundary in case M is a complete surface with finite total curvature. 

All these results in [Hn, HTTW, L-W 1, 3] are under the assumption that the 
harmonic map is of polynomial growth. In this paper, we want to study harmonic 
maps from C into H 2 which grow faster than polynomial. We will study the images 
of the harmonic maps by a careful study of their Hopf differentials. 

First we prove that if h is an orientation preserving harmonic diffeomorphism 
with Hopf differential <j> dz 2 such that <j) is of one of the following forms then h is 
not surjective: 

(1) (j) = Pi exp [P 2 exp [• • • exp [P k exp(Q)] •••]], where Pj and Q are polynomials 
(Theorem 1.2); 

(2) (p = -Pexp(Q) where Q(z) = z n + X)?=i a j zn ~^ is a polynomial of degree 
n > 1, P is entire with order p < n and 

E n {z\ \z\ > R and - 6 < axgz < 5} = 0, 

for some ^ > 5 > and Rq > 0, where E is the set of all zeros of P 
(Theorem 1.1); 
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(3) 4> = (f) 2 where / is entire with no finite asymptotic value in the domain 



for some 5 > and R > and f'(z) ^ for all z in / 1 (TZ) (Theorem 1.3). 

In (2), <p is of finite order, in (1) <p is of infinite order and there is no growth 
condition in (3). Note that if <p is of finite order then <j> = Pex.p(Q) with Q being 
a polynomial and P is entire. 

As mentioned above, if |<9/i| 2 |cfe| 2 is complete on C and if is a polynomial, then 
the image of h is an ideal polygon with finitely many vertices at dM 2 [HTTW] . 
If <p is not a polynomial, then h(C) fl dM 2 must consist of infinitely many points 
by [HTTW] again and in this case, the image set is much more difficult to be 
described. In the second part of this paper, we want to describe the images of 
harmonic maps under similar assumptions as in (1) or (2) above. We prove that if 
<j> = Pexp(<5) where P and Q are polynomials, then h(C) fl dM 2 is countable and 
consists of exactly n accumulation points, where n = degQ (Theorem 3.1). In fact, 
one can relax the condition that P is polynomial. If we assume that P is entire with 
order less than n and the zeros of P are well distributed, then the same conclusion 
holds. Next we consider the case that <f>(z) = P(e z ) where P(t) = EL-m a ^ fc 
and is non-constant. In this case is of order one. It is interesting to know that 
under this assumption on 0, h(C) D dM 2 has only one accumulation points in some 
cases and has exactly two accumulation points in other cases (Theorem 4.1). In 
case 4> has infinite order, then the image set is even more complicated. We are able 
to prove that if <f>(z) = exp^(z)dz 2 , for some positive integer k, where exp( k \z) 
is defined inductively by exp(°)(z) = 1 and exp^\z) = exp(exp^' -1 ^ (z)), then 
h(C) fl dM 2 = Uj =0 Aj such that Aj is countable and discrete for each < j < k — 1, 
Aj consists of all isolated accumulation points of Aj-i for 1 < j < k, and Ak 
consists of only one point (Theorem 4.2). 

In order to prove these results, we have to study the regions where \4>\ grows very 
fast and the regions where \<p\ decays or is bounded. In the regions where \<p\ grows 
very fast, we refine the technique in [Hn, HTTW] which was introduced by Wolf 
and Minsky [Wf, M]. In order to study the regions where 4> is bounded, we need 
other tools. We will use the idea of the so-called maximal $-radius of a holomorphic 
quadratic differential see §2 for definitions. Let $ be a holomorphic quadratic 
differential on D. It was proved by Anic, Markovic and Mateljevic [A-M-M] that 
the norm of $ with respect to the Poincare metric is uniformly bounded if and only 
if the maximal $-radius is uniformly bounded. On the other hand, it was proved 
in [Wn] that h is a quasi-conformal harmonic diffeomorphism from H 2 onto itself if 
and only if the norm of its Hopf differential is uniformally bounded. Hence we can 
conclude that h is quasi-conformal if and only if the maximal $-radius is uniformly 
bounded where $ is the Hopf differential of h. In fact, it was proved in [A-M-M] that 
if h is quasi-regular harmonic map on H 2 then the maximal $-radius is uniformly 
bounded. In this work, we will give a local version of these results. In Theorem 
2.1, we will prove that if h is an orientation preserving harmonic diffeomorphism 
from D or C into H 2 , under certain conditions, h is quasi-conformal on the domains 
where the maximal $-radius is uniformly bounded, where $ is the Hopf differential 
of h. In particular, we give another proof of the result in [Wn] mentioned above. 
Roughly speaking, in the case of harmonic diffeomorphisms from C into H 2 , the 
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domains where the $-radius is uniformly bounded are the domains where \4>\ is 
uniformly bounded and decays rapidly at infinity. 

In the process of proving Theorem 2.1, we need a refined version of the result 
in [A-M-M] on the relation between the maximal $-radius and the norm of the 
holomorphic quadratic differential $. In particular, we obtain a pointwise lower 
bound of the maximal $-radius (Proposition 2.1). It turns out that the result also 
has applications to the problem of finding quasi-conformal harmonic diffeomorphism 
on H 2 with prescribed quasi-symmetric function on the unit circle S 1 which is 
identified as dE 2 . Let BQD(H 2 ) be the space of holomorphic quadratic differentials 
$ on H 2 such that 

|||<I>||| = sup ||<&||(z) < oo 

zEM 2 

where ||$||(^) is the norm of $ at z with respect to the Poincare metric. In [Wn], 
a map 03 from BQD(H 2 ) to the universal Teichmiiller space T by sending $ to 
the class of quasi-symmetric homeomorphism containing the boundary value of h, 
which is the quasi-conformal harmonic diffeomorphism on H 2 with $ as the Hopf 
differential. The map is injective [L-T 3, L-W 2] and an open question is whether 
this map is surjective. This is in fact a conjecture of Schoen [S]. There are partial 
results for this problem as well as similar problems in higher dimensions [Ak, L-T 
1-3, T-W 2-3, H-W, Y, S-T-W]. In our case, it is not hard to see that if one can prove 
that 03 is 'proper', namely, the inverse image of bounded set is bounded, then one 
can conclude that 03 is onto. Using the pointwise estimate of the maximal $-radius 
and the main inequality of Riech and Strebel [R-S] , we obtain sufficient conditions 
for certain subspaces of BQD(H 2 ) on which 03 is proper. For compact Riemann 
surfaces or Riemann surfaces of finite type, this kind of phenomena was studied by 
Wolf [Wf] and Markovic-Mateljevic [M-M]. In [M-M], a generalized version of the 
inequality in [R-S] was used. 

We organize the paper as follows. In §1, we discuss some non-surjectivity results 
of harmonic maps from C into H 2 . In §2, we study the relation between maximal 
$-radius of the Hopf differential $ of a harmonic map and quasi-conformality. In §3 
and §4, we study the structures of images of harmonic maps from C into H 2 . In §5, 
we use the result in §2 to study quasi-conformal harmonic diffeomorphisms on H 2 . 
In the appendix, we use Mathematica to produce figures of horizontal trajectories 
defined by different types of holomorphic quadratic differentials discussed in this 
work, so that one may get some feeling about the images of related harmonic maps. 

Finally, the authors would like to thank the referee for pointing out a gap in the 
proof of theorem 1.1, which has been corrected accordingly. 

§1 Results on non-surjectivity of harmonic diffeomorphisms. 

In [HTTW], it was proved that a polynomial growth harmonic diffeomorphism 
from C into H 2 is not surjective. In [L-W 1], the result was generalized to higher 
dimensions for polynomial growth harmonic maps between a more general class of 
manifolds. Not very many results are known if the map grows faster than polyno- 
mial. In this section, we will give results on non-surjectivity of certain harmonic 
diffeomorphisms from C into H 2 with fast growth rate. Note that the growth rate 
of a harmonic diffeomorphism from C into H 2 can be expressed in terms of the 
growth rate of its Hopf differential, see [T-Wn 1]. In particular, such a map is of 
polynomial growth if and only if its Hopf differential is of the form Pdz 2 with P to 
be a polynomial. 
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Lemma 1.1. Let O be a domain in C which contains every disk H>(^—ly, R(y)) 
with center \J—\y and radius R(y) > 2y/2(l+e) logy for all y > yo > 0, where e > 
is a constant. Suppose h is an orientation preserving harmonic diffeomorphism from 
O into H 2 with Hopf differential $ = dz 2 . Then the length of the image of the half 
line > yo, 3tz = under h is bounded by a constant depending only on e and yo- 

Proof. Let exp(ty) = \\dh\ \ be the norm of dh and let e be the energy density of 
h with respect to the Euclidean metric in the domain, then the pull-back metric 
under h is given by 
(1.1) 

h*(ds$p) = (e + 2)dx 2 + (e - 2)dy 2 = 2 (cosh(2«;) + 1) dx 2 + 2 (cosh(2w) - 1) dy 2 . 
As in [Wf, My] and page 63 in [Hn] we can prove that there is y > such that if 

y > yo 

(1.2) < w(V^Ty) < d exp 

where C\ is an absolute constant. Hence the length I of the image of \^sz > 
yo, $tz = 0} under h satisfies: 

,oo 1 

£= [2(cosh(2«;) - l)] 5 dy 
Jyo 

< C 4 / y-^dy 

= c 5 

where C3 C5 are constants depending only on e and yo, and we have used (1.1), 

(1.2) and the assumption that R(y) > 2\[2{\ + e) logy if y > yo- The lemma then 
follows. 

The following lemma basically says that if Q(z) = \z + o(l) as ?R,z — > 00, then 
the behavior of f exp(Q(z))dz is similar to that of f exp(^z)dz. 

Lemma 1.2. Let 2tv > A > and let Q(z) be an analytic function on the half strip 

S = {z\ dtz > a > and 6 - A < Qz < 9 + A} 

where 9 is constant. Suppose Q(z) = \z + q(z) such that \q(z)\ < gi^Rz) where 
git) > is a function defined on 00 > t > a which satsifies lim^oo g(t) = 0. Then 
for any \A > 5 > there exists a > depending only on A, 5, a and the function 
g such that if zq = xo + yf—16 with xq > a and if 

c( z )= r e x P (Q(o)^, 

J z 

then ( maps Ss injectively into (-plane, and C(<Ss) ^> T^2S ^ ((S^s)- Here 
S s = {zeS\^z> xq + 5, 6-A + 5 <Sz <6 + A-5}, 




6 



iS>4<5 is defined similarly and 



TZ 2S = -2 exp(^o) + |d ICI > 2 exp Q(x + 2<5)^ , 
±(e-A + 25) <argC< ^(# + A - 25) 



Proof. Since lim^oo g(t) = 0, for any e > 0, there is a > a depending only on a 
and g such that if $lz > a, then 



(1.3) 



z 1 
exp (Q(») - exp(-) < eexp(-3^). 



Let xo > a and let f(z) = 2 (exp(^z) — exp(|zo)) with = £o + «6>. Let zi = 
xi + V - 22 = ^2 + V - lj/2 in S such that xi, £2 are larger than xq. Suppose 
x\ > X2, then by (1.3) 

\C(zi)-CM-f(zi) + f(z2)\ 



= \z\ - z 2 \ 



J (exp (Q(t Zl + (1 - t)z 2 )) - exp(^(tei + (1 - *)z 2 )) 



< e {\x\ — x 2 \ + 47r) exp(-X2) / exp(-(xi — x 2 ))dt 



2 ( exp(-(xi - x 2 )) - 1 + 4yrexp ( -{x\ - x 2 ) 



< eexp(-x 2 ) 

< Cieexp(^xi) 

where C\ is an absolute constant. Obviously, the inequality is still true if x\ = x 2 . 
Hence, we have 



(1.4) \C(zi) ~ C(z 2 ) - f(z 1 ) + f(z 2 )\ < C 1 eexp(l max{®z u Uz 2 }) 

provided SJfci, $lz 2 > xq. 

On the other hand, for any < Si < A and z\ ^ z 2 G S, with ?ftz\ > 3lz 2 and 
\5s(zi — z 2 )\ < 2 A — 2<5i, we have 

\f(zi) ~ f(z 2 )\ = 2exp(±3fc 1 )|l - exp(l(^ 2 - Zl ))\ 
> rexp(^zi) 

where r > depends only on A — 8\ and the lower bound of \z\ — z 2 \ where we have 
used the fact that \^s{z\ — z 2 )\ < 2 A — 28\ < 4tt — 2S±. Hence for any z\ ^ z 2 G <S, 



(1.5) 



1 

\f{z\) - f{z2)\ > rexp(-max{^i,^ 2 }) 



where r > depending only on the lower bound of | z\ — z 2 \ . 
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Let < Si < A, for any a in Ss x H {z\ dtz < 0} and z the boundary of Si Sl n 
{z| < /3 + where (3 is a large number, we have 

|/(z)-/(a)|>T«p(±Rz) 

>7?-|C(*)-/(*)l 

by (1.4) with zi = z and 22 = zq, and (1.5), where r > is a constant depending 
only on Si. Here we take z\ = z and Z2 = zq in (1.4). Choose e small enough 
depending only on A and 5i such that > 1, we have 

\f(z)-f(a)\>\((z)-f(z)\. 

Apply the Rouche Theorem to the functions ( — / (a), / — /(a) on fl {z| < 
/3 + \Si) and then let (3 — > 00 we conclude that for any a G <S ( j 1 there is one and 
only one z E Si Sl such that ((z) = f(a). 
On the other hand for such an a, we have 

\C(z) - C(o)| > |/(z) - /(a)| - |CW - C(a) - /(*) + /(a)| 

>^l/W-/(a)l 

>ICW-/WI 

provided e is chosen to be small enough (depending only on A and Si). Hence there 
is also exactly one z G Si Sl such that f(z) = ((a). From these the lemma follows 
by considering the image of /. 

In the next theorem we will study the surjectivity of those harmonic diffeomor- 
phisms from C into H 2 whose Hopf differentials are of finite order. 

Theorem 1.1. Let h be an orientation preserving harmonic diffeomorphism from 
C into H 2 with Hopf differential $ = P exp(Q)dz 2 such that 

(i) Q(z) = z n + £ " 

=i a i^ n 3 i s a polynomial of degree n > 1; 

(ii) P is entire with order p < n; 

(iii) there exists ^ > S > and Rq > such that 

E n {z\ \z\ > R and - S < axgz < 6} = 0, 

where E is the set of all zeros of P. 
Then h is not surjective. In particular, if P is a polynomial then h is not surjective. 

Proof. By the Hadamard factorization theorem, P(z) = z m e a ^A{z), where m is 
the order of z = 0, a(z) is a polynomial of degree less than p < n, and A(z) is a 
canonical product of order less than or equal to p formed by the zeros of P. So we 
can absorb a(z) to the lower order terms of Q(z) and assume P(z) has the form 
z m A(z). 

Let £1 = z n , which will map —S < aigz < S bijectively onto — nd < arg(j < nS. 
In the region 

Til = {|Ci| > Rq} H {-nS < argCi < nS}. 
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_ 2(re-l) 

$ = n" 2 d » P(Ci)exp(GRi 2 



where -P(Ci) = -^(^(Ci)) ex P(X]j=i a jCi J ^ n )- By (ii), without loss of generality we 
may assume that for \d\ > Rq, \P(d)\ < exp(|d| e ) for some e > which is small 
enough such that e < 1. By (iii) and lemma 2.6.18 in [B], we have for any r\ > 0, 
log \A(z)\ > — \z\ p+v on {z\ \z\ > Rq and — 5 < axgz < 5} for a possibly larger R 



and a smaller 5. Therefore, we have 



e < 1. From this, we have 



Vlog|P(d 



dCi 



n8 — 81} for any 5± > 0; and hence 
conclude that in TZi, 

$ = exp(Q 1 (Ci))rfC 1 2 = ^Ci 2 



log|P(Ci)| = 0(|Ci| e ) as Ci — > oo for some 
= o(l) on^i = ^in{-n5 + 5i < argCi < 
logP| = o(l) as Ci — > oo and Ci e We 



where 



<2i(Ci) = Ci + Q 2 (Ci 



with — n<5 + <5i < argd < nS — Si and \d\ > Rq. Here Q2(Ci) = °(ICi|) an d 
^Q 2 (Ci) = o(l)asCi^oo. 

Let C2 = Ci + <?2(Ci)- This will map {— n < arg£i < 7r} n {|Ci| > -Ri} injectively 
onto its image for some R\ > Rq. Moreover, there exists R2 > such that 1Z 2 = 
{—n + 25i < argC 2 < tc — 25i} fl {\( 2 \ > R2} is in the image of the map £1 1— > (2- 
In 72-2 5 ^ can be written in the form 



1 + 



exp(C2)rfC2 2 =exp(Q 3 (C2))^ 



where Q3(C 2 ) = C2 + o(l) as |£ 2 | — > 00. Let £(£ 2 ) = j^ 2 exp(Q 3 (£))<i£. By Lemma 
1.2, we conclude that (XC2) will map a subdomain of 72 2 bijectively onto the region 

K = {C| ICI > R and ^tt - -fc < argC < \v + -S 2 } 

for some R > and 5 2 > 0. On 72, $ = <iC 2 . The map £ 1— > (2 ^ Ci l—> 2 is injective 
when restricted on 72. Hence h(z(Q) is an orientation harmonic diffeomorphism 
from 72 into H 2 . By Lemma 1.1, we conclude that the length of the image of the 
half line > ao, 3f?C = under h is finite. Here ao is a large constant. By the 
definition of £, SC — > 00 with = implies that z — > 00. Hence h cannot be 
surjective. 

Please see the appendix for figures showing the behaviour of the horizontal tra- 
jectories for some typical examples of holomorphic quadratic differentials discussed 
here (figures 1-6). If we refine the method of proof in Theorem 1.1, we can gener- 
alize the result to some cases that the Hopf differentials grow very fast (see figure 
7 in appendix). First we have the following: 

Lemma 1.3. Let Rq > and 5 > be constants and let h be an orientaion 
preserving harmonic diffeomorphism from Q$ = {\z\ > Rq, | argz| < tv — 6} into H 2 
with Hopf differential of the form 



$ = exp [g x + exp \g 2 H h exp[a fc + Q] ■ ■ ■ ]] dz 2 
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where Q(z) = z n + Y^j=i a j zU ~^ is a polynomial in z and for each j = 1, . . . , k, 
\gj(z)\ — 0(log \z\) as \z\ — > oo. Then there exists a path in diverging to infinity 
such that its image under h has finite length. 

Proof. We will prove by induction on k. For k = 1, $ = exp[g± +Q]dz 2 and we can 
apply the same proof as in Theorem 1.1 to conclude the existence of such path. 

For k > 2, we consider the map C = f(z) = Q(z) +gk(z) on a convex subdomain 
1Z in Qs defined by 

71 = {ze Q s \ Uz > R u - - — + e < argz < - - e} 

2(n — 1) 2(n — 1) 

where R\ > Rq and e > will be chosen later. It is clear that for z = re lB G 1Z 
with r sufficiently large, 

Uf{z) = nr n ~ x cos[(n - 1)0] + o{r n ~ x ) > 0. 

Therefore, if we choose Ri sufficiently large, ( = f(z) maps 71 one-one onto its 
image f(7l) as TZ is convex (proposition 1.10 in [P]). Since 

/(re v 2(«-i) ')=r e y 2 («- 1 ) y + o(r ), 

it is clear that f(7V) contains a subset of the form 

{|argC| <TMr/2(n-l)-ei, |CI > #2}. 

If we choose e < 2n (n-i) ' then we can choose accordingly an ei such that ^ 2 (ri-i) ~ 
€1 > ir/2. Hence, under this choice of Ri and e, /(7£) contains a half-plane {K£ > 
_R 2 } for some R 2 > 0. 

On f(7V), in particular on the half-plane {3?C > _R 2 }, $ can be written as 

$ = exp MC) + exp [22(C) + • • • + exp[Sfc_i(C) + exp C] • • • ]] dC 2 , 

where ft(0 = ^(/"HO) - 2 (flog/) (/^(logO) ^d &(C) = ^(/"HO) for 
J = 2,... 

Now, for any small <5i > 0, lets consider the half strip 

S = {$(> R2, I $Cl < 7T-(Ji}. 

The exponential map £ = exp £ maps 5 one-one onto the domain 

fl 5l = > R 3 , |arg£| < tt-(5i}, 
where -R3 = e^ 2 . And on fi^ , $ takes the form 

$ = exp + exp g 2 (£) + • • • + exp^te) + £] • • •]] ^ 2 , 

where 

= </i(/ _1 (logO) - 2 fog/) (/ _1 (logO) " 21og^ 
and ^.(0 = ^(/"HlogO) for j = 2, . . . , /c — 1. 
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Since \gj(z) \ = 0(log \z\) and ( = f(z) ~ z n as \z\ — > oo, we see that 
l^-(/ _1 (logO)l = ^(loglog HI) for j = 1, . . . , k - 1. 
We also conclude from £(» ~ z n ~ x ~ (t™- 1 )/™ as |C| -> oo that 

I (^ lo S/) (/ _1 OogO))l = 0(loglog|e|). 

All together we have, as |£| — > oo, 

fe(0|=O(log|e|). 

Therefore, induction hypothesis implies that there exists a divergent path £ = 7(£) 
in ( 5 1 such that its image under the harmonic maps ho f~ l o log has finite length. 
That is, there exists a path / _1 (log7(t)) in fig such that its image under h has 
finite length. 

Theorem 1.2. Let h be a harmonic diffeomorphism from C into H 2 u>it/i Pop/ 
differential of the form 

$ = Pi exp [P 2 exp [• • • exp [P k exp(Q)] • • • ]] dz 2 , 

where Q(z) = a n z n + ■ ■ ■ and Pj, j = 1, . . . , k are polynomials and k > 1. XTien /i 
is not surjective. 

Proof. By making a change of parameter of the form z — > r exp(^/— l#o)z for 
some constants ro and we may assume that Q = z n + X)?=i &jZ n ~i . As Pj, 
j = 1, . . . , /c, are polynomials, there exists Po > such that there is no zeros of any 
Pj in the set {|z| > Po}- Then for any 5 > 0, one can define gj = log Pj on the set 
fi<5 = {\z\ > Po, | argz| < n — 5} and the Hopf differential $ can be written in the 
form required in Lemma 1.3. Therefore, there exists a path diverging to infinity in 
Q$ such that its image under h has finite length. Hence, h is not surjective. 

Let us finish the dicussion of this section by given a different type of condition 
for the nonsurjectivity. Recall that a complex number a in the extended complex 
plane is said to be an asymptotic value of an entire function f{z) if there is a path 
z(t), < t < 1 such that lim^i z(t) = oo and lim^i f(z(t)) = a. If a is a finite 
number, then it is called a finite asymptotic value. 

Theorem 1.3. Let f be an entire function. Suppose there exist 5 > and P > 
such that 

(i) / has no finite asymptotic value in the domain 

K = {CI \ ~ ^ < argC < | + 5, and \(\ > p} ; and 

(ii) f'(z) ^ for all z in f~ x (Jl). 

Suppose h is an orientation harmonic diffeomorphism from C into H 2 with Hopf 
differential (f') 2 dz 2 , then h is not surjective. 

Proof. Let Q be a component of / -1 (P.). By (ii), / is a local diffeomorphism on O. 
By (i), we can conclude that every path in 71 begins at Co can be lifted to a path 
in Q which begins at a point z$ with f(zo) = Co- Since 1Z is simply connected, / 
maps O bijectively to 71. Hence h o / _1 (C) is a harmonic diffeomorphism from 7Z 
into H 2 with Hopf differential dC 2 . Moreover, / _1 (C) —* °o if ( G TZ and ( — > oo. 
The result follows from Lemma 1.1. 
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§2 Maximal $-radius and quasi-conformal harmonic maps. 

Let us recall the definition of maximal $-radius of a holomorphic quadratic 
differential $ on a domain in C. Let O be a domain in C and let $ = (pdz 2 be a 
holomorphic quadratic differential on O. Let z$ G O such that 4>{zq) 7^ 0. Choose 
a branch of near zq, and let 

w = f(z) = f vWR- 

Let B(R) = {w\ \w\ < R} be the maximal disk in the to-plane such that f~ x is a 
conformal diffeomorphism from B(R) into O. Then R ZQ: n = R is called the maximal 
^-radius of $ at zq with respect to O and V Zo> q = f~ 1 (B(R)) is called the maximal 
$ cfo/c around zq with respect to O. We will drop the subscript O if this will not 
cause any confusion. Moreover, by convention if 4>{zq) = we define R ZQ = 0. In 
[Hn], it was proved that if h is an orientation preserving harmonic diffeomorphism 
from a domain O in C into H 2 with Hopf differential $, and if z n is a sequence in O, 
with R Zn — > 00, then the modulus the complex dilatation of h at z n will tend to 1. 
Conversely, one would like to know whether h would be quasi-conformal on a set 
with bounded maximal $-radius. In this section, we will prove that this is the case 
under certain assumptions. The result will be useful to study images of harmonic 
diffeomorphisms from C into H 2 . 

Let O be a hyperbolic domain in C, i.e. its universal cover is conformal to the 
unit disk. Let p 2 \dz\ 2 be the hyperbolic metric on O, i.e. the complete metric with 
constant Gaussian curvature —1. Then it is known that [Ah] for any zGO 

where d(z, 90) is the Euclidean distance from z to 90. If in addition, we have 

p{z) ~ d(^m) 

for some positive constant C for all z G O, then we say that O is strongly hyperbolic. 
Please note that our definition is slightly different from that in [A-M-M] . It is shown 
in Theorem 5 of [A-M-M] that if O is bounded hyperbolic and the diameters of the 
boundary components are uniformly bounded from below by a positive constant 
then O is strongly hyperbolic. Moreover, being strongly hyperbolic is conformally 
invariant: 

Lemma 2.1. Let Oi and O2 be conformally equivalent domains. Suppose Oi is 
strongly hyperbolic, so is O2. 

Proof. Obviously O2 is hyperbolic. Let w = /(z) be a conformal diffeomorphism 
from Oi onto O2. Let p\\dw\ 2 be the hyperbolic metric on O2 and let p\\dz\ 2 be the 
hyperbolic metric on Oi. Let d\{z) = dist(z, <90i) and (^(w) = dist(iu, <90 2 ), where 
both distances are Euclidean distances. Then by well-known fact [V, p. 147], we 
have 

\dl{z)\nz)\<d2U{z)). 
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Hence 



p 2 (f(z)) = \f'(z)\- 1 p 1 (z) 
C 

di{z)\f'{z)\ 



> 



> j<h(f(z)) 

for some positive contant C, where we have used the fact that Oi is strongly hy- 
perbolic. Hence 2 is strongly hyperbolic. 

Let O be a strongly hyperbolic domain and let $ = <pdz 2 be a holomorphic 
quadratic differential on O with hyperbolic metric p 2 \dz\ 2 . For z G O, let ||$(z)|| = 
p~ 2 (z)\4>\(z) be the norm of $ at z and let |||<&||| = sup 26f2 ||$||(2). The following 
is proved in [A-M-M] (the equation (2) and the lemma 1.2) 

Theorem. (Anic-Markovic-Mateljevic) With the above notations with O being the 
unit disk IS), there exists an absolute constant C > such that for any holomorphic 
quadratic differential $ on D we have 



(2.1) wn^^c-'Ri 

for all zeD, and 

(2.2) (PHI <Ci4 

where = sup zeB R z . 

They actually proved that (2.1) is true for any hyperbolic domain in C. We will 
obtain a pointwise estimate for strongly hyperbolic domain which implies (2.2). 
The estimate will be useful in applications. 

Proposition 2.1. Let O be a hyperbolic domain and let $ = 4>dz 2 be a holomorphic 
quadratic differential defined on Vt. Then there exists an absolute positive constant 
C such that for z GO 

(2.3) R z <C\MHz). 

If in addition O is strongly hyperbolic then there is a positive constant C depending 
only on Vt such that for z GO with $(z) 7^ 



(2.4) R Z >C 



\®\\ 2 {z) 

Ml TIM 3 

q> 2 



We need the following lemmas. 

Lemma 2.2. Denote B{r) to be the set of complex numbers with modulus less than 
r. Let f : B(r) — > C be an analytic function, such that f(0) = and f'(0) ^ 0. 

Suppose \ f{z)\ < M for all z, then (i) f is one to one onB{ri), where ri = r ; 
f«i/(W3B(V)- 

Proof. Let us first assume that r = 1, and f'(0) = 1. Then 



f(z) = z + J2a n z n . 



n=2 
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By Cauchy theorem, we have \a n \ < M, and 1 < M. Suppose z\ 7^ z 2 are in 
-B(g^), and r = max{|zi|, \z 2 \}, then 



\f( Zl )-f(z 2 )\ = 



> \zi - Z 2 \ 



= Zi - Z 2 



n=2 

00 

1 -M^nr n_1 

n=2 

2-r 



1 - Mr- 



(1-r) 2 

> \z! -z 2 \(l- 8Mr) 

> 



where we have used the facts that M > 1, and r < < |. Hence / is one 
to one on B(^). Using the fact that the Koebe's constant is \ [V, p. 149], 
we have / (S(g^)) contains B(-^jj). In general, if / is defined on B(r) with 
/(0) = and with 6 = f(0) ^ 0. Define /(C) = ^ for ( G B. Then /(0) = 0, 
and /' (0) = 1. Let Mi = ^fj, then Mi > |/(C)| for all £. Hence / is one to 

one on B(-gj^) and / contains B{ 3 ^ Mi )■ Hence / is one to one on 

5 (smt) = Bi-^P 1 ) = B (ri), and / (S(n)) contains = S(^fig^). 



The following lemma is proved in [A-M-M, see Lemma 1.2]. 



Lemma 2.3. Let / : B(r) — > C 6e analytic, and M > \f(z)\ for all z. Suppose 
/(0) ^ 0, tfken /(z) ^ /or a// z G 

Proof of Proposition 2.1. (2.3) was proved in the Lemma 2.3 of [A-M-M]. In order 
to prove (2.4), let z G O, with 0(zo) 7^ 0. is analytic on S(z ,^o) where 
r = |rf(z , 90), where d is the Euclidean distance. By Lemma 2.3, <f> is never zero 
on B(zq, r), where 

= r \(j)(z )\ 
T 2M 

and Mo = sup B ( 2o ro ) \<p\. Hence we can take a branch of square root of <p in 
B(z ,r). Let f(z) = J* q y/^(()d(, for z G S(z ,r), then / is analytic, f(z ) = 
and \f'(zo)\ = |0(zo)| 3 7^ 0. By Lemma 2.2, / is one to one on B(ri) where 

r 2 \f'(z )\ 



n 



8 Mi 



-, where Mi = sup^^ ^ |/|. Moreover, f(B(r{)) contains the disk 



B(R)=B(- 



l/'(*o)l 
Mi 



■). Now Mi < rM 2 implies that 



(2.5) 



R zo > -R 



r 2 \ct){z )\ r \(p(zo)\ : 



32rM 2 



64M 2 



This will imply the proposition because Q is strongly hyperbolic. 

From the proof of the proposition, we have the following corollary which will be 
used in 53 and 54. 
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Corollary 2.1. Suppose <p is analytic on B ZQ (R) such that a\<p\(zo) > |0|(^) for 

some constant a > for all z G -B 2Q (R) . Let $ = 4>dz 2 . Then the maximal ^-radius 

i 

of z with respect to B z JR) is bounded below by ^MZ^»1_ 

64a 2 

Proof. This is a direct consequence of (2.5). 

Lemma 2.4. Let Q be a simply connected domain in C and $ = 4>dz 2 be a holo- 
morphic quadratic differential on O. Let zq G O swc/i t/iai 0(zo) 7^ and /e£ R be 
the maximal ^-radius of zq with maximal <&-disk V . Suppose R < oo and suppose 



W = ifj(z) = / a/^C 

J ZQ 



z G V. Then for any < 5 < R, there exists a point z G V with \ip(z)\ = 5 such 
that the $ -radius of z is exactly R — S. 

Proof. By the definitions of V and R, : ©r — > V is a bijective conformal 
diffeomorphism, where 

D fl = {w\ \w\ < R}. 

It is easy to see that if z G V with \ii(z) \ = 5 then the $-radius of z is at least R — S. 
Suppose the lemma is not true, then R z > R — S for any z G ip~ l ({w\ \w\ = 5}). 
Because R z is continuous, there is e > such that R z > R — 5 + e for all z with 
1^(^)1 = S. Hence if) -1 can be extended to an analytic function from ©R-|_ e to O 
such that it is a local diffeomorphism. In particular, <p is not zero in •i/> -1 (IB)f£ +e ). 
By the definition of R, there exist two sequences w n and w n such that for each n 
both w n and w n are in ©R +(E / n , w n ^ w n but ifj~ 1 (w n ) = , i/' _1 (w n ). Without loss 
of generality, we may assume that w n — > a and w n — > 6, and 

lim ip~ 1 (w n ) = lim •0 _1 (w n ) = c. 

Since is a local diffeomorphism, a ^ b. Note that a and 6 are in ©r. Let 7 be 
the straight line joining a and b and let T = Then T is a smooth simple 

closed curve in O because ip -1 is one to one on ©r. Let 6> be the interior angle at 
c. Apply the Gauss-Bonnet Theorem for the metric (\<j)\ + rj) \ dz \ 2 on Q with r\ > 0, 
we have 

-\ [ Alog(|0|+77)+ f k v =71 + 6 
1 Jn 1 Jr 

where is the interior of T, k v is the geodesic curvature of V with respect to the 

metric (\<p\ + n)\dz\ 2 and A is the Euclidean Laplacian. Here we have used the 

fact that O is simply connected. Let ci,...,q be the zeros of <fi inside Q\ with 

multiplicities fci, . . . , ki with kj > 0. Let r > be small enough so that 1 < j < £ 

the disks Dj of radius r and centers at Cj are disjoint and are inside of Q\. Then 

we have 



n + 6 = 



g 

[ Alog(|0| +77) - i / Alog(|0| + r7)+ f k v 



^Z 1 °SM+V)-1 [ Alog(H + 7y)+ / «„ 

—[JdDj or tJsi^u'Dj Jr 
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as rj — > 0, where k is the geodesic curvature with respect to the metric |</>||d,2| 2 and 
we have used the fact that log \<p\ is harmonic. Since |</>||d,2| 2 is the pull-back metric 
under ifj -1 of the flat metric in the Dj?, we have k = on T. Let r — > 0, we conclude 
that 

7T + 6> = — ^ /Cj7T. 

Since # > and fcj > for all j, this is impossible. 

Theorem 2.1. Let O be a strongly hyperbolic domain in C u>ii/i hyperbolic metric 
e 2v \dz\ 2 and C O. Let ft 6e an orientation preserving harmonic diffeomorphism 
from C into H 2 and Ze£ iu = log\dh\, where \dh\ is the norm of dh with respect 
to the Euclidean metric on O and hyperbolic metric on U 2 . Let $ = <f)dz 2 be the 
Hopf differential of h and let R z be the maximal ^-radius of z with respect to C. 
Suppose sup z£f2 R z = R < and w > v — C on fii for some constant C and 
inf.c 

c\fii Rz > 0. Then h is quasi- conformal on fii. 

Proof. Suppose that h is not quasi-conformal on fii. Then there exists z n G Oi 
such that (f)(z n )e~ 2w ( Zn "> — > 1 as n — > oo. Since _R 2ri < i?, we may assume that 
lim n ^ 00 R Zn = Rq. Suppose Rq > 0. Let 14„ be the maximal $-disk with image 
B Rzn and let C = J* n v^dz = ^ n {z). Let tf n (C) = (w - \ log MX^HO) > 
which is considered as a function on Dp . Then nj n > and 

A c w n = e 2 ^ -e" 2 ™". 

Then w n are locally uniformly bounded by proposition 1.5 in [T-W 1]. Passing to a 
subsequence if necessary, w n converges uniformly on compact subsets of D_r . Since 
w n (0) — > 0, by mean value inequality, w n — > uniformly on compact sets of D^ . 
By Lemma 2.4, for each n there exists £ n with |Cn| = \Rz n such that the <E>-radius 
of z' n = is \Rz n - Moreover, we still have 4>(z' n )e~ 2w{ - z '^ — > 1. Continue in 

this way and by a diagonal process, if h is not quasi-conformal on Oi, then we can 
find z n & C such that 

(2.6) lim \<p(z n )\e- 2w ^ = 1 
and 

(2.7) lim R Zn = 0. 

Since inf 2£ c\n 1 > 0, we may assume that z n G fii for all n. By Proposition 2.1, 
we have 

l$H 2 (^) 



(2.8) R Zn >C^- 

> C ± 
~ R 3 

~ R 3 L 



1^1 I I 3 



\4>{zn)\e 



-2v(z n ) 



2 

-2w(z n ) 



where the norm of $ is taken with respect to the metric e 2 "|d2:| 2 on O. Here we 
have used (2.3), (2.4), the fact that the $-radius with respect to fii or O is no 
greater than the $-radius with respect to C, the assumption that R z are uniformly 
bounded by R on Q and that w > v — C on Qi. Let n — > oo in (2.8), we have a 
contradiction because of (2.6) and (2.7). This completes the proof of the theorem. 



16 



Remark 2.1. In the theorem, we may replace C by the unit disk. Moreover, sup- 
pose Q is a subset ofC (respectively M 2 ) and h is an orientation preserving harmonic 
diffeomorphism from C (respectively H 2 ) intoM 2 such that \dh\ 2 \dz\ 2 is complete in 
C (respectively M 2 ), where the norm is taken with respect to the Euclidean metric 
in the domain. Then the assumption that w > v — C on Q,\ in the theorem can be 
replaced by w > v — C on dQ.\ by the comparison principle in [Wn] . 

By (2.3), which was proved in [A-M-M], and the above remark, we obtain a new 
proof of the following result in [Wn] as a corollary of Theorem 2.1. 

Corollary 2.2. Let h be an orientation preserving harmonic diffeomorphism on H 2 
with Hopf differential $ such that \dh\ 2 \dz\ 2 is complete. Suppose \\\Q\\\ < oo, then 
h is quasi- conformal. Here the norm of dh is taken with respect to the Euclidean 
metric in the domain and the norm o/<f> is taken with respect to the Poincare metric 
while III^IH is taken with respect to the Poincare metric. 

§3 Image of harmonic diffeomorphism with Hopf differential P ex.p(Q)dz 2 . 

Let h be an orientation preserving harmonic diffeomorphism from C into H 2 
with Hopf differential $ = (pdz 2 = P exp(Q)dz 2 where P and Q are polynomials. 
By the result of §1, we know that h is not surjective. Assume that |<9/i| 2 |ck| 2 is 
complete on C. In [HTTW], it was proved that if Q is a constant, that is, if </> is 
a polynomial of degree m, then the closure of the image of h in H 2 is the convex 
hull of an ideal polygon with m + 2 vertices in H 2 . The result is generalized from C 
to surfaces with finite total curvature and in higher dimensions in [L-W 1, 2]. The 
assumption that is a polynomial is equivalent to the fact that h is of polynomial 
growth. Let A be the intersection of the closure of the image of h with the geometric 
boundary of dM 2 . If Q is not constant, then A will no longer be a finite set. In this 
section, we will prove that in this case, A is a countable set with exactly n distinct 
accumulation points where n is the degree of Q. In fact, we will prove that the 
result is true for a larger class of harmonic diffeomorphisms. 

First we need a lemma. For a > 0, let 

C a = {z\ ?R,z > a, — oo < Qz < oo}. 

Let h be an orientation preserving harmonic diffeomorphism from C a into H 2 with 
Hopf differential $ = exp(Q)dz 2 with Q(z) = z + q(z) such that \q(z)\ < g($tz) for 
some nonnegative function g with lim^oo g(t) = 0. 

Lemma 3.1. With the above notations and assumptions, we have the following: 

(i) There exist distinct points p& G dM 2 with k = 0, ±1, ±2, . . . such that for 
any tt > 5 > and for any sequence z n G C Q with (2k — 1)tt + 5 < Qz n < 
(2k + l)ir — 5 and z n — > oo, then h(z n ) — > pu as n — > oo. Moreover, the pk 's 
are monotone in S 1 . 

(ii) For all S > and e > 0, there is a > such that for any integer k, if 
2k-K + 5 < Qz < 2(k + 1)tv — 5, then <ie 2 (h(z), 7fc)) < e for all z £ C Q with 
$lz > a, where 7^ is the geodesic joining pk and Pk+i ■ 

(iii) There is b > such that if z n G C Q $lz n > b and Qz n — > +00 ( respectively 
^sz n — > — 00), then lim n ^oo h(z n ) = p + (respectively lim n ^oo h(z n ) = p~), 
where p + = liuik^ooPk and p- = liuik^^^pk. 
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Proof. For simplicity, assume a = 0. To prove the existence of those pk G dM 2 in 
(i), we apply Lemma 1.2 with # = and A = 2-k to obtain that for any 7r > 5 > 0, 
there exists > such that if zq = xq and Q(z) = f z exp(^Q(£))<i£ + exp(|xo), 
then ( is injective on Si s , and ((Si s ) D 72.1,5 D C(<5<5) where Ss and 72,5 etc. are 
defined as in Lemma 1.2 (with A = 2n and 9 = 0). Then h(z(Q) is an orientation 
preserving harmonic diffeomorphism from C(Si s ) into H 2 with Hopf differential 

$ = d( 2 . Note that the maximal <E>-radius of any point £ = w + Tt> in 72.1,5 is 
at least w — Ci for some constant C\ depending only on 5. As in [HTTW, p. 109], 
we can prove that the image of any horizontal half line £(£) = t + V — l^o with t 
being larger than some constant in 72 i s under h is asymptotically a geodesic near 

infinity and tends to a point in dM 2 as t — > 00. By the proof of Lemma 1.1, we 
can conclude that the image of any vertical line u =constant in 72 1,5 under h has 
uniformly bounded length. Hence if ( n G TZi s , ( n — > 00 then fa(z(Cn)) — ► Po for 
some p £ <9HI 2 . Since ((S5) C 72i 5 and z n — > 00 implies that C( z n) — ► 00 for 
2 n G <S<5, we have 

lim 7i(z n ) = p - 

Similarly, one can prove that for any integer k there exists pk G dM 2 such that for 
any 5 > and z n with (2/c — 1)tt + 5 < Qz n < (2k + 1)tt — 5 such that z n — > 00, 
then 

lim 7l(z n ) = 

n^oo 

To prove the remaining of (i) and (ii), we use Lemma 1.2 again to conclude that 
for all 5 > small enough, there exist a-, > 0, bj > 0, j = 1, 2 such that for any 
integer fc, there is a analytic function £ = Q k \z) which maps 

Si = {z\ ^z > a u (2k - 1)tt + -5 < Sz < (2k + 3)tt - ^-5} 

and 

5 2 = {z| 3fc > a 2 , 2/ctt - 5 < %z < 2(k + 1)tt + 5} 
injectively into £-plane. Moreover, C(«Si) ^ ^-l? COS2) C 72-2, for j = 1, 2. Here 

72x = {C| ICI > 61, \(^k - 1)tt + 5 < argC < ^(2A; + 3)tt - 5}, 

72 2 = {C| |CI>62, ^( 2fc7r -^) <argC<i(2(fc + l)7r+?^} 

for j = 1, 2. Moreover, the Hopf differential $ of /i in the £ coordinates is of the 
form dQ 2 . We will write h(() instead of h(z(()) if no confusion will arise. Let us 
consider the case when k is even. The case that k is odd is similar. By the previous 
result, we know that if ( n G 72. 1 with K£ n - ► 00 along a half line $X=constant, then 
KCn) -> Pk, and if 3?Cn -> -00, then h(( n ) -> p fc+1 . 

In order to prove that pfc 7^ Pfc+i and that p^ is monotone, we notice that the 
length of the curve h(z(()) is infinite where ( = u + \J — lv 1 with v\ to be a constant 
and —00 < u < 00. Moreover, by [Wf, M] or [HTTW, p. 109], the geodesic curvature 
of this curve is bounded by e provided v\ is large. From this, it is easy to see that 
Pk 7^ Pk+i- Since h is an orientation preserving diffeomorphism, we conclude that 
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Pk 7^ Pj if k 7^ j, and is monotone on S 1 . In particular, p + = linifc^ooPfc and 
p- = linifc^-ooPfc exist. 

To prove (ii), we observe that for any C > there is > independent of 
k such that the <£>-radius of £ G 7£i is larger than C for all £ with > u . By 
the argument in [HTTW, p. 102], we conclude that for any e > 0, there is v > 
independent of k such that if $X > vo, then d$p(h(()), 7&) < e, where 7^ is the 
geodesic joining and Pfc+i- From the proof of Lemma 1.2, we see that given 
vo, there exists a > independent of such that if z G 1S2 and 5fc > a, then 
^(z) > vo. From this we can conclude that (ii) is true. 

In order to prove (iii), let 5 > as above but small and let b = a 2 which is 
in the definition of 1S2. Suppose z n G C a with ^tz n > b. Let k n be such that 
2k n TT < ^Zn < 2{k n + l)ir . Then lim n ^oo k n = 00. For each n, let £ = 
as above then £ n = C(z n ) can be defined and ( n G 7Z2- By Lemma 1.1, for all 
( E 1Z 2 with $X > and = 9?C n , <^H 2 (^(Cn), MO) < C2 for some constant 
C2 independent of n. From (ii), we conclude that d%p(h(( n ), 7^) < C3 for some 
constant C3 independent of n. From this, the result follows. 

Theorem 3.1. Let h be an orientation preserving harmonic diffeomorphism from 
C into B 2 with Hopf differential $ = 4>dz 2 = P exp(Q)dz 2 such that \dh\ 2 \dz\ 2 is 
complete on C and such that 

(i) Q(z) = *» + £?: =i a j^ n 3 is a polynomial of degree n > 1; 

(ii) P ^ is an entire function with order p < n; and 

(iii) i/iere exists ^ > 5 > and i?o > smc/i t/iat 

f 2kll iv 1 

E n < z\ \z\ > R and I argz 1 < h 8 } = 

[ n 2n J 

/or a// < A; < n — 1, where E is the set of all zeros of P. 

Then the closure of the image of h is the convex hull of a countable set A of <9H 2 
with exactly n accumulation points. 

Proof. We claim that for any e > with ne < ^, there exists a constant C\ > 
such that the maximal $-radius R z of z satisfies 

(3.1) R z < d 

for all z G Wk, < k < n — 1, where Wk is the wedge 



(2k + 1)tt 

arg 2; — 



7T 

< 7^ e 

2n 



for < k < n — 1. To prove the claim, note that there exists r > such that for 
z G Wfc, 3?(z n ) < — r\z\ n . By the assumptions (i) and (ii), for any z G Wk, let 7 be 
the half ray ^(t) = t exp( v / — Targ^) for t > \z\, then 

/ \(f)\^^(t))dt< I exp (-Jrt n + C 2 (l + t n - 1 +^) )dt, for any p < p < n, 

<C 3 



where C2 and C3 are constants independent of z. Hence the maximal $-radius of 
z G Wk is uniformly bounded. This proves the claim. 
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Next, for each < k < n — 1, and for 6 > 4e > 0, let 
V k , e = |z 

Define Vk,4 e similarly. By assumption (iii), we can take a branch of log.P in {z G 
V/c,4e| |^| > -Ro}- As in the proof of Theorem 1.1, there exist positive constants 
R2 > Ri > Rq, T2 > Ti, ei > and a conformal map Cfc(z) which is of polynomial 
growth as a function of z and which will map S[ k ' = {z <E Vk^ e \ \z\ > Ri} injectively 
onto its image. For simplicity, we write C = Cfc- Moreover, if 

={zeV k A \z\>R 2 } 
H x ={C| |argC| < |+2ei and \C\>T X } 

and 

^ 2 = {C| |argC|<| + ei and |C| > T 2 } 

then C(S{ fc) ) 3KiD C(^2 fc) ) 3 ^2- Moreover, in fti the Hopf differential of /i is of 
the form $ = exp(£ + Qi(())d( 2 where Qi(() — > as C — > 00. Choose a > b > T 2 . 
As in the proof of (3.1), we have 

(3.2) i?, < C 2 

for some constant C 2 for all z G fl C _1 ({^C < a })- Moreover, on K£ = 6, 
I exp(C + Qi(C))| > C3 for some positive constant C 3 . Hence if w = log \d^h\ and 
if e 2v |(iC| 2 is the hyperbolic metric on ((S^) fl {3?C > a}, then w > v — C4 for 
some constant C 4 because e~ 2w ^\ exp(£ + Qi (C)) I < 1 an d 6 < C on $lz = b for 
some positive constant C. Let T k = C — 1 ({3^^ = a }) an d 7fc = C _1 ({3^C = &})• Note 
that for fixed c > T 2 , arg(C _1 (c + v^T*)) -> (2/c ± §)tt/tc as t -> ±00. Let O be 
the component containing the origin of C \ U^qT^, and let fii be the component 
containing the origin of C \ Uj!~ 7fc. By (3.1) and (3.2) if we choose e > in (3.2) 
and then choose e > in (3.1) small enough then we have R z < C\ + C 2 for all 
zGfi, and if e 2v \dz\ 2 is the hyperbolic metric on O then w = log \d z h\ > v — C for 
some constant C for all z G dVti. Here we have used the fact that the hyperbolic 
metric on O is dominated by the hyperbolic metric on its subdomain. 

Next we want to show that infzgc\ni R z > 0. In fact, if z G C\fii, then there is 
k such that dtCk(z) > b. Apply Corollary 2.1 on the disk with center and radius 
1, we can conclude that on §l(k > b the maximal $-radius is bounded below by a 
positive constant independent of because $ = exp((fc + o(l))d£|. 

Since O is strongly hyperbolic and |<9/i| 2 |cfe| 2 is complete in C, h is quasi- 
conformal on Q± by Theorem 2.1 and Remark 2.1. 

On the other hand, by Lemma 3.1, if we choose a and b large enough, then for 
each k, there exist G <9HI 2 , j G Z, which are monotone in S 1 such that the 
intersection of the closure of the image under h of the set {( G 7£ 2 , 9ft£ > b} with 
dW 2 is equal to 

n— 1 n—1 
A;=0 fc=0 



arg 2; — 



2/C7T 



77. 



7T 

< 2S + < 
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where p± = \ira.j_>± 00 pj . Moreover, if Q n G IZ2 with K£ n > & and ^z n — > +00 

(respectively $5Z n — > —00) then /i(Cn) — ► P+^ (respectively fo(Cn) — *■ P-^)- 

Since h is at most linear growth in 72-2 with respect to £, h is of polynomial 
growth on Vk, £ , provided e > is small enough. It is easy to see that h is at most 
of linear growth on Wf~. By the definition of fii, we see that h is of polynomial 
growth on Q 1 . Namely, there exist positive constants £ and C such that 

(3.3) djp(h(z),o)<C(dc(z,0) + l) e 

for all z G Oi, where o is a fixed point in H 2 and is the origin of C. We claim that 
the image of h is the convex hull of A together with at most finitely many points 
qj G dM 2 . By theorem 4.8 in [C-T] and theorem 5 in [Wn], it is sufficient to show 

that h(C) n dU 2 is {pf ] \ j G Z} U {p^.p^} together with at most finitely many 
points qj. Suppose qi, ■ ■ ■ ,q m are distinct points in 



h(C) n dH 2 ) \ A. 



^2 



There exist disjoint neighborhoods Ui, . . . ,U m of qi,---,q m respectively in M . 
We may choose Uj, 1 < j < m small enough so that h~ 1 (Uj) C fii. For if 
this is not true, then there exists qj and a sequence of neighborhoods Uj >n such 
that H^Li Uj,n = {Qj} and such that h~ 1 (Uj in ) is not contained in Oi for each 
n. By choosing a subsequence, we may assume that there is z n G Uj, n such that 
$l(k(zn) > b under the map £fc described above. Since h(z n ) — > qj by construction, 

(k) h 

we conclude that qj must be p^ or p± for some and /. This is a contradiction. 
Hence we may choose Uj such that h~ 1 (Uj) is contained in fii. Moreover, we may 
assume that Uj is bounded by a geodesic line in H 2 . Let fj(z) = d$p(u(z), H 2 \Uj), 
then fj harmonic because d^p(-,M 2 \Uj) is convex by [B-O]. Note that fj is smooth 
in h~ 1 (Uj), fj(z) = for z G C \ h~ l {Uj) and there exists a constant C 3 

/*(*)< C 3 (dc(z) + l/ 
for all z and for all 1 < j < m by (3.3). Since h~ 1 (Uj), 1 < j < m, are disjoint 
and nonempty, m is bounded from above by a constant depending only on t by 
Theorem 3.4 in [L-W 1]. This proves the claim. 

Observe that each qj must lie between p+ and p^ c+1 ' ) for some k. Here we use the 

convention that p^ = p^\ Since if 7fc(t) = C _1 (^+\/— then limt^±oo h{^k{t)) =| 
Pfc,± 5 we conclude that /i(fii) is bounded by h('jk) and the geodesies joining con- 
secutive points of p+, ^ and p^ +1 ' ) , with qj between p\ and p^ c+1 ' ) , and they are 
oriented positively. Since h is quasi-conformal on fii, for each k if ( n G 72. 1 with 
KCn < 6 and $5Z n — > +00 (respectively Qz n — > —00) then fo(Cn) — > p+ ^ (respectively 
fo(Cn) — ► P_^)- Again, using the fact that h is quasi-conformal on Wk, we conclude 
that for z G Wk, and if 2 — > 00 then /i(z) will converge to a point in HI 2 . But 
must be equal to p+ and p_ at the same time. Hence the closure of the image 

of h is the convex hull of the set A consisting of p^ , qk which is countable and has 
exactly n accumulation points. 

It is clear that the theorem is true for any polynomial Q without requiring 
the leading coefficient to be 1 as long as the zeros of the entire function P are 
distributed in the corresponding sections. For instance, we conclude immediately 
from the theorem the following. 
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Corollary 3.1. Let h be an orientation preserving harmonic diffeomorphism from 
C into M 2 with Hopf differential $ = P exp(Q)dz 2 where P and Q are polynomials 
with degQ = n. Suppose \dh\ 2 \dz\ 2 is complete in C. Then the image of h is the 
convex hull of a countable set A of dM 2 with exactly n accumulation points. 

Figures 1, 5, and 6 show the horizontal trajectories structures of holomorphic 
quadratic differentials which are included in the corollary 3.1. Figure 1 also shows 
the image of the harmonic map corresponding to e z dz 2 which is the basis of all the 
discussion in this paper. 

§4 Images of harmonic diffeomorphisms with Hopf differential f(e z )dz 2 . 

In this section, we will study the images of certain harmonic diffeomorphisms 
from C into H 2 with Hopf differentials of the form f(e z )dz 2 . As before for a > 0, 
let C a = {z = x + V—Ty | x > a}. 

Lemma 4.1. Let h : Co — > H 2 be an orientation preserving harmonic diffeomor- 
phic injection with Hopf differential $ = dz 2 . Suppose that for some xq > 0, 
lim^+oo h(x + v / -Ty) = Pi and lim^-oo h(x + V^ly) = P2 for some pi, p 2 in 
dM 2 . Then pi = P2 = P, and for all x$ > 

lim h(z) = p. 

Proof. By proposition 1.5 in [ T-W 1], see also [Wn], the energy density of h in 
the half-plane < $lz < oo is bounded. Since for some xq > 0, lim^+oo h(xo + 
^/~Ty) = Pi an d hnij^-oo h(xo + Ty) = £*2, where pi, P2 € <9HI 2 , we conclude 
that for all x\ > xq > 0, 

lim h(z) = pi 



and 



lim h(z) = p2- 

Qz — * — oo 
xq < Sftz <X;l 



Identify H 2 = H 2 U9EI 2 with the unit disk. We claim that for any x > 0, the closure 
of h(C Xo ) in H 2 is O where Q is the domain bounded by the curve h(xo + \/—ly), 
— oo < y < oo and one of the arc on S 1 with end points p± and p2- Obviously, 
h(C Xo ) is contained in such an O because h is injective. Suppose that the claim is 
not true, then there is q on the boundary of h(C Xo ) such that q G H 2 and there is a 
geodesic arc 7 in h(C Xo ) C H 2 from a point qi in h(C Xo ) to q with 7(f) = q, where 
I is the length of 7 and is finite. Without loss of generality, we may asumme that 
7([0, £)) C h(C Xo ). Let (3 = /i -1 (7). Then f3 is a path in C Xo such that (3{t) — > 00 as 
t — > i because q is in the boundary of h(C Xo ). Moreover, 3?/3(t) — > +00. Otherwise, 
we would have f3{t) — > p± or p2- However, the pull-back metric under h is given by 
(e + 2)dx 2 + (e — 2)dy 2 , where e is the energy density of h, and e > 2. We then 
have 



(e + 2) 



dx 
~dt 



+ (e-2) 



dy 
dt 



dt 



> V2 [\iuyx{l) - x{Q) 



= 00 
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which is a contradiction. Hence h(C Xo ) = 0. Suppose pi 7^ P2, then h(C Xo ) 
contains a nontrivial arc on S . However, for xq > 0, h is of at most linear growth. 
By theorem 3.4 in [L-W 1], we conclude that h(C Xo ) n <9H 2 consists of only finitely 
many points. Hence we must have pi = P2 = P- Since h is a diffeomorphism, we 
must have 

lim h(z) = p. 

Lemma 4.2. Let < (3 < n and let h : e^^Co -> H 2 6e an orientation preserving 
harmonic diffeomorphic injection with Hopf differential $ = dz 2 . Suppose that for 
some xq > 0, 

lim h (e^^^ (xo + V—Ty)) = Pi and lim h [e^~^^ (xq + \/—ly)) = P2 
for some p\, P2 in dM 2 . Then pi 7^ P2 and for all xq > 0, /i(e v/ ~ T/3 C Xo ) fl dM 2 = 

{Pl,P2}- 

Proof. As in the proof of Lemma 4.1, we conclude that for any x > 0, 

lim h (e^^xo + V^Ty)) = Pi, 

and 

lim h (e v ^ T/3 (xo + y/-iy)) = p 2 . 

y^-00 \ j 

Let x > 0. Since < (3 < n, by Lemma 1.1, suppose z n G e v/ ~ T/3 C Xo , if 3lz n — > 
—00, then lim n ^ 00 h(z n ) = p\\ and if $lz n — > 00, then lim n ^ 00 h(z n ) = p2- If 
z n — > 00 and for all n, Xo < < £1 for some xi, then /i(z n ) are uniformly 

bounded. Hence /^e^^C^) n d^B 2 = {pi,p 2 }. 

To prove that pi ^ P2- Note that \J — In G e v/ ~ T/3 for any positive integer n. 
Moreover, it is easy to see that z n = e^~^s y/—ln = —n sin ^ + \/ — In cos ^ and 

z n = n + \/—ln cos ^ are in e^~^^C Xo if n is large. Let L n be the horizontal line 
joining z n and z n . By the arguments in section 3 of [HTTW], we conclude that 
h(L n ) is of uniformly bounded distance from the geodesic passing through h(z n ) 
and h(z n ). Since h(z n ) — > p± and h(z n ) — > ^2, if Pi = = f> then h(L n ) — > p 
as n — > 00. On the other hand, h{\J —In cos |) are uniformly bounded. This is a 
contradiction. Therefore, p\ ^ P2- 

Theorem 4.1. Let m, n be nonnegative intergers and let P(t) be a nonconstant 
rational function of the form 

n 

p(t) = a kt\ 

k= — m 

with a- m 7^ 7^ a n . Suppose h is an orientation preserving harmonic diffeomor- 
phism from C into M 2 with Hopf differential given by 

$ = P(e z )dz 2 

such that \dh\ 2 \dz\ 2 is a complete metric. Then A = h(C) fl dM 2 is countable 
which has exactly one accumulation point if m or n = 0, and ao > 0; and has two 
accumulation points otherwise. Moreover h(C) is the convex hull of A. 
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Remark. Figures 1 and 2 in the appendix show horizontal trajectories structures 
for the case that m or n = 0, and ao > 0. In fact, in both figures, m = 0, and 
ao = and 1 respectively. The other case are showed by the figures 3 and 4- In 
figure 3, m = but ao = — 1. The image of the corresponding harmonic map has 2 
accumulations both are limits from 1 side. In figure 4, both m and n are not zero 
and the image of the corresponding harmonic map has 2 accumulations both are 
limits from 2 sides. 

Proof. Suppose that m > and n > 0. By the proof of Lemma 3.1, we can 
conclude that there exist pk, k E Z such that h({z\ ^tz > 0} fl dW 2 is equal to 
{Pk}kei an d the pk are monotone on S 1 . Moreover, if pk — > p± as k — > ±oo, then 
limo^ +00i Kz > h(z) = p + and limo^.^ Uz > h(z) = p-. 

Similarly, there exist qu, k E Z such that h({z\ 5fc < 0} fl dW 2 is equal to 
{<?fc}fcez and the qk are monotone on S 1 , and if qk — > q± as k — > ±oo, then 
limcj z ^ +00j sftz<o«(^) = o + and limg^-oo, sr z < ft(z) = o_. Hence q + = p + and 
g_ = p-. Since ft is a diffeomorphism, p + 7^ p_ and A = {pk, qk}k&z U 
which has two accumulation points. 

Next, let us consider the case that morn = 0. Without loss of generality, we may 
assume that m = 0. As before, there exist pk, k E Z such that > 0}fl<9IHI 2 

is equal to {pk}kei an d the pk are monotone on S 1 . Let p + and p_ defined as 
above. 

Suppose ao = 0. Then we can conclude as in the proof of Theorem 3.1 that 
p+ = P- = p and A = {pk}ke% U {p} which has only one accumulation points. 



Suppose m = and ao 7^ 0, let ao = / o 2 e 2y/ ~ T/3 with < (3 < n, p > 0. There 
exists 5 > such that if |i| < 8, we can take a branch of the square root of P(t) 
and 



for some constant C\ for |t| < 5. Let g(t) be such that g' = g on |i| < 5 and 
g(0) = 0. Let < be small enough so that \e z \ < 5 on < xq- Define 



for all z with ^tz < xq, where Co is a constant. Here the integration is along the 
straight line from x to z. Then ( is analytic. By (4.1), if we choose x small 
enough, then ( is injective. Since |g(e z )| < C2 |e z | for some constant C2, if we 
choose xq small enough, then the analytic map z — > Ci = — (C — Co) will map 
{3?z < xq} injectively onto its image 1Z. Moreover 




where g(t) is analytic and 



(4.1) 



g(t)\ < Ci 




e 
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The Hopf differential of h in the £i plane is given by d( 2 . As before, we have 

lim h(xo + \/—ly) = p±. 

Hence if j3 = 0, we have p + = p- = p by Lemma 4.1 and A is countable with 
only one accumulation point. If (3 > 0, we have p + 7^ p_ by Lemma 4.2 and „4 is 
countable with exactly two accumulation points. The last statement of the theorem 
follows from theorem 4.8 in [C-T] and theorem 5 in [Wn]. 

As an application, we use Theorem 4.1 to study harmonic diffeomorphic injection 
from a flat cylinder to a hyperbolic cylinder. Let A be a hyperbolic cylinder and 
Let C* = C \ {0}. Let <E>(C*, N) be the set of all Hopf differentials of orientation 
preserving harmonic diffeomorphic injections h from C* to A such that |9/i| 2 |(iz| 2 
is complete on C*. Let V(N) be the set of holomorphic quadratic differentials on 
C* defined by 

V(N) = I ^^-dz 2 \ P{z) = a k zk for some < m, n G Z, and P ^ a 1 . 



V 1 (N) = 




and V 2 (N)=V(N)\V 1 (N). 

Corollary 4.1. With the above notations we have <3>(C*, N) n V(N) is either a 
subset ofVi(N) or a subset ofV 2 (N). Moreover, if $(C, N) n V(N) ^ 0, then it 
is a subset ofVi(N) if and only if N has a cusp. 

Proof. Let z~ 2 P(z)dz 2 € $(C*, N) be the Hopf differential of an orientation pre- 
serving harmonic diffeomorphic injections h from C* into N. Lifting h to the 
universal coverings, we have an orientation preserving harmonic diffeomorphic in- 
jection, denoted by h again, from C into M 2 , with Hopf differential given by 

P(e z )dz 2 

and an element p of the Mobius group which generates tti (N) such that 

h(z + 2ni) = p(h(z)). 

Note that |d/i| 2 |cb| 2 is complete on C. Let A = /i(C)n<9ooIHI 2 . Since h is equivariant, 
A is invariant under p. This implies that the set of fixed points of p is exactly the 
set of accumulation points of A. The corollary then follows easily from Theorem 
4.1. 

Remark 4.1. It was proved in [Wn,W-A,T-W 1] that given a holomorphic qua- 
dratic differential $ on C or on H 2 there exists an orientation preserving harmonic 
diffeomorphic injection from C or M 2 to H 2 whose Hopf differential is the given 
Corollary 4-1 shows that the prescribed Hopf differential problem is not alway 
solvable from C* into N where N is a hyperbolic cylinder. 

Our next result is to consider the image of a harmonic map with Hopf differential 
with infinite order. 
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Theorem 4.2. Let h be an orientation preserving harmonic diffeomorphic injec- 
tion from C into H 2 such that \dh\ 2 \dz\ 2 is complete. Suppose that the H op f differ- 
ential of h is given by 

$ = exp( k \z)dz 2 , 

for some positive integer k, where exp( k \z) is defined inductively by exp(°)(z) = 1 
and expk')(z) = exp(expk'-i)(;z)). Let A = h(C) n dE 2 . Then A = U* =0 Aj such 
that 

(1) Aj is countable and discrete for each < j < k — 1; 

(2) A/ consists of all isolated accumulation points of Aj-\ for 1 < j < k; 

(3) Ak consists of only one point. 

Please see figure 7 in the appendix for the horizontal trajectories structure of 
e e dz 2 and the corresponding image of the harmonic map. 

Proof. We may assume that k > 2 because k = 1 is a special case of Theorem 3.1. 
First of all, we want to find out the domains such that $ can be written in the form 
of Lemma 3.1. Given any a e R, 1 < I < k — 1 and (ni, ri2, ... G Z , we define 
the open subsets <S( nij ... , ni ) inductively by 

5( m ) = {z G C | 3lz > a, — 2ni7r] < 7r} 

and 

«S(ni,...,n,) = i z G 5( nii ... | 3?0-i > exp (z_1) (a), - 2n Z 7r| < tt}, 

where 0-i = exp(' _1 )(z). Then Q = e^ _1 = exp^(^) maps 5( nij ... j7l! ) one-one 
onto the open set 

= C \ ({0 e R\Ci < 0} U {0| |0| < exp«(a)}) , 

and in terms of 

rij=o( io g Co 

In particular, for Z = k — 1, 

^ * exp(Cfc-i) 2 

= exp ( Ck-i - 2 lo g 0) Cfc-i J dCfc-i 



on 



fifc-i = C \ ({Cfc-i e R|Cfc-i < 0} U {C fe -i| |Cfc-i| < exp( fc " 1 )(a)}) . 
A further transformation 

fc-i 
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will put the Hopf differential into the form of Lemma 3.1 and we can conclude on 
the boundary behaviour of the harmonic map h. However, to ensure that there are 
no other ideal boundary point, we need to show that h is quasiconformal in certain 
domain. 

In order to do so, given any (3 » 1, we define Ep = {Ot-i G ttk-i \ ^v(Ck-i) > 
(3} and claim that for any a G M, there are simply-connected domains Vo C Vo C 
{z G C | $lz > a - 1} such that 



where T( ni nfc l ), respectively T( ni ,n fc _i)> is the component of the preimage of 
£y3+i, respectively Ep, under the map exp( fc_1 )(z) corresponding to the branch of 
log given by (ni, . . . , nk-i). Moreover, there are constants Co, Mo, 5 with Co and 
S > such that 



where R z is the maximal $-radius at z, w = log \dh\ and e 2v \dz\ 2 is the Poincare 
metric on Vq. If the claim is true, then the last inequality of (4.4) implies that 
w > v — M for all z eV , and hence, by Theorem 2.1, one can conclude that h is 
quasiconformal on Vq. 

To prove the claim, we note that for z G 7"(ni,...,n fe _i) then the image of z under 
eX pO-i) j s j n ^ By Corollary 2.1 as in the proof of Theorem 3.1, we conclude 
that R z > 5 > for some 5 > independent of (ni, . . . , nk-i)- On the other hand, 
since e^ k \z) — > e^ fc_1 )(0) if 3?^ — > — oo, we also have R z > 5 by Corollary 2.1 if 
?R,z < a by choosing a possible smaller 5. The second inequality of (4.4) is proved. 

Let z G OVq, then either 3tz = a or the image of z under exp^ -1 ^ is on the 
boundary of Ep. In the first case, e 2w ^ > |e^ _1 ^(2;)| > C for some constant C > 
independent of z. Hence it is easy to see that w(z) — v(z) > M for some constant 
Mq because V is strongly hyperbolic. In the second case, then we can proceed as 
in the proof of Theorem 3.1 and obtain the third inequality in (4.4). 

To prove the first inequality in (4.4), we let 



Then it is easy to see that Vk-i C Vk-i are simply-connected domains in Qk-i and 
there is Ck-i such that 




and 




(4.4) 



sup.R z < Cq, inf R z > 5, and mf(w — v)(z) > M , 




Vk-i = ^k-i \Ep C Vk-i = fifc-i \ Ep +1 . 



(4.5) 



sup R z < Ck-i- 

Vfc-i 



In fact, for all z G Vk-i, there is a divergent path 7 in Vk-i such that 



£$(7) < C k -i- 
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Now, for / = k — 2, we consider subsets in £l k -2 containing the preimage of 
Vk-i and Vfc_i under the exponential map (k-i = exp((fc_2). It is clear from the 
property of the exponential map that 



v+_ 2 u v k ~_ 2 ) n fi fe - 2 



V k - 2 = exp-\V k - 1 ) U 
14_ 2 = exp- 1 (Vfc_ 1 ) U [(^U^)nOi_ 

are simply-connected domains in Vt k -2 such that 



V? 2 C Vfc_ 2 C 14-2, 



where, for / = 1, . . . , k — 1, 



={z£ 5 (ni ,..., ril _ l) j 3^0-1 < expf-^a), 3?Ci-i > 0} 
= {ze 5 (nii ... ini _ l) i 3^0—i < exp('- 1 )(a), $0-i < 0}. 

We note that, for i = 1, . . . , k — 1, 

«S( ni> ... ,n,_i) = Vjtl U ^-1 U [ U n ( 6Z («5( ni ,... .m-i.n,) n 5 (m,... ,m_i))] • 

We want to show that there exists C' k _ 2 > such that for all z G V k -ii there is a 
divergent path 7 in V k -2 with £$(7) < C' k _ 2 . This will immediately implies that 

sup R z < C k - 2 

V k - 2 

for some C k - 2 > 0. To prove this, we note that for all ro > exp( fc_2 )(a), 

/ m\dCk- 2 \<cf rde 

Jr=r Q , 0<6<n Jr=r a , 0<6<n |Cfe— 2 1 1 log Cfc-2 | " " " | Wg^ ' Qk-2\ 

c 



< 



log r • • • log (fc 2) r 
— > as ro — > +00. 

Then for all point Ofc-2 £ V k -2-> ^ can ^ e connected to a point on the vertical line 
{3?Cfc-2 = exp( fc_2 )(a)} by a circular arc with uniformly bounded $-length. By 
using ( k -i = exp(C/ c _ 2 ) to map a point on dQk-i, we can find a divergent path 
in Vfc-i with $-length bounded by C k -i- Lifting this path to 14-2 and together 
with the circular arc, we find a path starting from any point in V k _ 2 a divergent 
path in 14-2- The same is obviously true for other z G 14-2 since they belong to 
exp _1 (Vfc_i). This proves our assertion that 

sup R z < C k - 2 

V k -2 



for some C k - 2 > 0. 
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Continue in this way, for all / < k — 1 we can define V\ , V\ and Vj^ , such that 
V = exp -1 (Vi) and V = exp _1 (V"i) U {z \ a - 1 < $lz < a}. 
Moreover, we can prove inductively that 

supR z < Ci 

Vi 

for some constant Ci. Finally, it is easy to see that the R z < C for some contant 
C if a — 1 < Jfo < a because such a point can be joined by a line with bounded 
|</>|-length to a point in exp _1 (Vi). This completes the proof of the first inequality 
in (4.4). 

Now we can study the structure of the boundary points of h(C). Firstly, for 
any (ni, . . . , n^-i) G Z fc_1 , using Lemma 3.1, we can argue as before to conclude 
that there exists monotone sequence P(ni,...,n fc _i);j > 3o e z and P(n 1 ,...,n k _ 1 )-+, 
P(ni,...,n fc _i) ; - m 9M 2 such that, for P sufficiently large, 



(4.6) M«S(«i,..,« fc -i) n {z\ M V (z) > /?}) fl dW 2 

= {P(ni,...,n fe _i);j'o}jo€Z U {P(ni,...,n fc _i);+>P(ni,...,n fc _i);-} 
lim P(m,...,nk-i);jo = P(m ,-..,n fc _i);±- 
Moreover, if z n G <S(ni,...,n fc _i) fl {z\ ^Rrj(z) > (3} and z n — > oo then 

w x + > if^(^ n )^0O 

lP(ni « k -i);-. if St/(z„) -> -OO 

In fact, we conclude by (4.3) that the energy density of h is bounded on the set z G 
<5(ni,...,n fe _i) such that a < $tr]{z) < b and 1^77(2:) | > R for any a, 6 and R provided 
R is large enough. Hence we still have h(z n ) — > P(ni,...,n fc _i);± if ^(^n) - ► ±00, 
z n G 5( nii ... >nfc _ 1 ) and a < ?Hrj(z n ) < b. 

Secondly, for any rii, . . . ,rik-2 G Z fc_2 and for any j\ G Z, the map Cfc-i = 
exp(Cfc-2) will map 

{z G 5 (nii ..., nfc _ 3) | ^-2(2) > exp^" 1 )(a), \<3( k - 2 (z) - (2 n + l)n\ < n} 

one-one onto 

fifc-i = C \ ({Cfc-i G R|Cfc-i > 0} U {C fe -i| |Cfc-i| < exp^" 1 )(a)}) . 

The corresponding curves given by Sftry = (3 in <S( ni ,... ,n k - 2 ,ji) and ,n fe _ 2 ,ji-i) 
give us two branches of curve r y + and 7_ satisfying K77 = /3 on Clk-i H {^Cfc-i > 0} 
and Ofc-i fl {SCfc-i < 0} respectively. Joining the two branches of curve by a 
compact curve 7 in Clk-i, for instance a circular arc with sufficiently large radius 
centered at the origin, gives a subset U with dU = 7+ U 7_ U 7 on which h is 
quasi-conformal. By (4.6), h will maps dU to a curve in M 2 such that if $577 — > 00 
the image under /1 will tends to the point P(ni,...,n fe _2,ji+i);— > an d if — > — 00 the 
image under /i will tends to the point P( ni ,...,n k -2,ji);+- As m ^ ne P r °°f of Theorem 
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3.1, we see that P( ni ,..., nfc _ 2 ,j 1 +i);- = P(n 1 ,...,n k _ 2 ,j 1 );+ which will be denoted by 
P(n 1 ,...,n k - 2 );ji- ^ i s then not hard to see that 

M£(ni,...,n fc _i)) n 9H 2 = {p(ni,...,n fc _i);j }joeZ U {p(ni,...,r» fc _i);+,P(ni,...,n fc _i);-}, 

and 

"4-0 = {P(ni,...,n fe _ 2 ,n fe _i);jo}(ni,...,n fc _i)6Z( fe - 1 ), j €Z> 

is countable and discrete. Now for each (ni, . . . , nfc_ 2 ) G Z( fc_1 ) the set 

{P(n 1 ,...,n k _ 2 );j 1 

is monotone in j 1 and we denote P( ni ,...,n fe _ 2 ) ; ± = limj 1 _ >±00 p( nii ... >nfc _ 2 ).j 1 . Since 
the Hopf differential on «S( nij ... jnfc _ 1 ) is of the same form (4.3), by the proof of 
Lemma 3.1, for each (m, . . . , nk-i), there is a point 2(ni,...,n fe _i) G «S(ni,...,n fc _i) and 
two consecutive points in {p(n 1 ,...,n k _ 1 ;j )}j ei such that 
(4-7) ^ (ni) ... jnfe _ l) ) = /5 

(4-8) N^m,...^))!^^ 

and that the distance from /i (^( nij ... jnfe _ 1 )) to the geodesic joining these two con- 
secutive points is bounded by Ci for some constant C\ > which is independent 
of (ni, . . . , nk-i)- From (4.7) and (4.8) we have 

(4-9) . lim h (z {nu ... tnk _ 2tJl) ) = p {ni ). ± . 

Using (4.2) and (4.9), we can argue as before to conclude that 

P(ni,...,nfc_3,j' 2 + 1);- = P(ni,...,nfe_3,j' 2 );+ 

which will be denoted by P(ni,...,n fe _ 3 );j 2 7 an< ^ 



M 5 (n 1 ,...,n fc _ 2 )) n dB 2 = A U {p( ni ,...,n k _ 3 ,n k _ 2 ); + ,P(n 1 ,...,n k _ 3 ,n k _ 2 y-} ■ 

Let 

"4l = {P(ni,...,n fe _ 2 );j 1 }(n 1 ,...,n fe „ 2 )6^ fe - 2 , jl€Z' 

Then ^1 is countable and each point in A± is an isolated accumulation point of 
Aq. The accumulation points of Ai are P( ni ,...,n k _ 3 )-j 2 i ( n i> • • • > n *;-3) G lS k ~ 2 ^ and 
j 2 G Z. Continue in this way, we can find Aj C <9HI 2 , < j < k such that each Aj is 
countable and discrete for < j < k — 1 and Aj consists of all isolated accumulation 
points of Aj-i for 1 < j < k. Moreover, 

h(Cj ndU 2 = \J k j=Q Aj. 

Finally, We want to prove that Ak consists of only one point. From the proof, we 
can see that Ak consists of at most two points p and q satisfying 



and 
Since 



lim h(y— ly) = p 

y^oo 



lim h(y/— ly) = q. 

y^-oo 



exp**" 1 ^*) = exp( fc - 1 )(0) +tg(t) 

on \t\ < 1, where g(t) is analytic. One can proceed as in the proof of Theorem 4.1 
to show that p = q and 

h({z\ $tz < o} n dm 2 = { P }. 

Hence Ak is a singleton and this completes the proof of the theorem. 
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Remark 4.2. The Theorem 4-1 is also true for the Hopf differential 

dz 2 . 



exp^-V^e'dz 2 ) = exp( fc >(z) JJ [expk'>(z) 

j=i 

In fact, the proof is much easier and can be done by induction since the form of the 
Hopf differential is not change under the map ( = e z . 

Remark 4.3. The Theorem 4-1 is not necessary true in general. In fact, it be- 
comes very complicated for the general form as in Theorem 1.2. Even for * = 
P{z) exp( k \z)dz 2 , the Theorem 4-1 need modification. For instance, if P(z) = 
y/—l, then the same argument as in the proof of Theorem 4-1 o,nd using Lemma 
4-2 instead of Lemma 4-1 on the region {z < a}, we see that the set Ak consists 
of two points whether than one. So the best to hope for is that Ak has at most two 
points for the general form in Theorem 1.2. 



§5 Harmonic diffeomorphisms on hyperbolic plane. 

The result in §2, in particular Proposition 2.1, can be applied to study a con- 
jecture of Schoen, which says that any quasi-symmetric homeomorphism on S 1 can 
be extended to a unique quasi-conformal harmonic diffeomorphism on H 2 . The 
existence part of the conjecture is still open, but there are many partial results, see 
[Ak, L-T 1-3, T-W 2, S-T-W, H-W, Y]. Schoen's conjecture can be reformulated 
as follows. Let BQD(EI 2 ) be the space of holomorphic quadratic differentials * on 
H 2 such that 

|||*||| = sup 11*11(2) < 00 

26H 2 

where | ]*| \{z) is the norm of * at z with respect to the Poincare metric. In [Wn], the 
third author proved that for any $ G BQD(H 2 ), there is a unique quasi-conformal 
harmonic diffeomorphism u on H 2 with $ as Hopf differential. This defines a map 
23 from BQD(H 2 ) to the universal Teichmiiller space T by sending $ to the the 
class of quasi-symmetric homeomorphism containing the boundary value of u. The 
existence part of the conjecture of Schoen is equivalent to the surjectivity of the 
map 23. Let J 7 be a subset of BQD(H 2 ), we say that 23 is proper on T if for 
any $ n G T with |||* n ||| — ► 00 we have dq- (23(* n ), 0)) — > 00, where dr is the 
Teichmiiller metric on T. It is not hard to see that 23 is surjective if 23 is proper on 
BQD(H 2 ). It is also not hard to see that if 23 is proper on the set of * G BQD(H 2 ) 
with J H 2 ||*||(ii>e2 < 00 or even on the set * = (j)dz 2 with to be a polynomial, 
then 23 is proper on BQD(H 2 ). Here, we identify M 2 with D with the Poincare 
metric. For the sake of completeness, we give a proof of this fact below. Denote 

T= I* G BQD(H 2 )| J ||*||cfc H2 < 00 j. 

Note that * = 4>dz 2 , then f m2 \ \3>\\dv%p = f B \<p\dxdy. 
Proposition 5.1. Let 

Q = {* G T\ * = (pdz 2 7 (j> is a polynomial}. 

Then 

(i) if 23 is proper on Q, then 23 is proper on T . 

(ii) 7/23 is proper on T , then 23 is proper on BQD(M 2 ). 

(iii) 7/23 is proper on BQD{M?), then 23 is surjective. 
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In particular, if 03 is proper on Q, then 03 is surjective. 

Proof, (i) First we prove that if 23 is proper on Q, then 03 is proper on T . Let 
<E> n G T such that |||$ n ||| — > oo. Suppose that there is a constant C\ such that 
dr(^(^n)j 0) < C\ for all n. Since 03 is continuous, there exist 5 n > such that if 
|||$n - *||| < ^n, then <ir(23(^), 0) < C\ + l. Hence it is sufficient to prove that Q 
is dense in T . Let $ = 4>dz 2 G JF, then 



\4>\dxdy = / ||$||<ife2 < oo. 
Jw 2 



Apply the mean value inequality on the disk D Z)T . with center at z and radius 
r = |(1 — \z\), we can conclude that ||$||(^) — > uniformly as |z| — > f. For 
< R < 1, let = $(-Rz). For any e > 0, we can find 1 > 5 > such that 

if 1 - S < \z\ < 1 then ||<&||(z) < ^e. Then for 1 - \8 < \z\ < 1 and for large 
enough, so that > 1 — 8 

ll»»M" = (h& l * (to)l| -5 t 

On the other hand, for \z\ < 1 — 4>r(z) — > 0(2;) uniformly, as — > 1. Hence we 
can find large enough, so that 

\\®r(z) -$(z)\\ < e 

for all z G D. Hence — $|||bqd < e- But is analytic on \z\ < which 

is large than 1. So it can be approximated uniformly on D by polynomials. This 
completes the proof of (i) 

(ii) We will prove that if 03 is proper on JF, then 03 is proper on BQD(H 2 ). Let 
$ G T and let 03($) = [/] where / is a quasi-symmetric homeomorphism of S 1 
fixing 1, i, — i. Let dr([f} 7 0) = C\. Then there exist smooth quasi-symmetric 
functions fixing 1, i, —i such that — > / in C a norm for some 1 > a > and 
such that dri\gk\i 0) < Ci which depends only on C\. Moreover, C\ — > oo if and 
only if C2 — > 00. These follow from theorem 2 and remark (1) in [D-E]. By theorem 
6.4 in [L-T 3], see also [T-W 2], for each k there exists a unique % G BQD(H 2 ) 
such that 03(^1/^) = [9k] with \& fe G T. By the assumption, we have |||*A;||| < C3 
for all /c, where C3 depends only on C\. Note that is the Hopf differential of 
quasi-conformal harmonic diffeomorphism on H 2 with boundary value gk- Hence 
^k(z) — > for all z G D and so 

limsup Hl^fclll > IH^III- 

fc^oo 

From this, it is easy to see that 03 is proper on BQD(H 2 ). 

(iii) We will prove that if 03 is proper on BQD(H 2 ), then 03 is surjective. Let [/] 
be a class of quasi-symmetric homeomorphism on S 1 such that [/] is in the closure of 
03(BQD(H 2 )). Then there exists f n quasi-symmetric homeomorphisms on S 1 fixing 
1, i, —i such that f n —*f uniformly, and [f n ] = 03($ n ). Since [f n ] are uniformly 
bounded on T, <E> n are uniformly bounded in BQD(H 2 ). By theorem 13 in [Wn], 
the quasi-conformal harmonic diffeomorphisms u n with Hopf differentials $ n has 
complex dilatation fi n satisfying \/j, n \ < fx < 1 for some constant fi independent of 
n. Passing to a subsequence if necessary, u n converges uniformly on D to a quasi- 
conformal harmonic diffeomorphism on H 2 with boundary value /. Hence [/] is in 
03(BQD(H 2 )). Combine with the theorem 4.1 in [T-W 2], we conclude that 03 is 
surjective. 
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Proposition 5.2. Let$ n E BQD(H. 2 ) satisfying J m2 \\$> n \\ < oo and |||$ n ||| — ► oo. 
Suppose for all k > 0, 

^ fuj\®n\\dv m2 = q 
f/ n = {zetf| ||$n||(*) < ^IPnlH 1 }- 

Then d r (^($n),0) -> oo. 

Proof. Identify M 2 with the unit disk D equipped with the Poincare metric. Let 
&n = 4> n dz 2 . Let fx nt o be the supremum of the modulus of the complex dilation of 
»($„), then 

d T m^ n ),o) = 1 -iog 1 -±^. 

Since 

/ \4> n \dxdy = / \\G> n \\dv n < oo, 
Jo Jm 2 

we can apply the main inequality in [R-S] and conclude that 

(5-1) Z 7~ / ||^n||dVBP < / T— -j :\\$ n \\dv M 2 

J- + ^n,0 Jm 2 JM 2 1 + lA'nl 

where \x n is the complex dilatation of the quasi-conformal harmonic diffeomorphism 
with Hopf differential $ n . Let 1 > 5 > and k > 1 be fixed numbers. Define 

D n = {z e e 2 | ||$„||(z) > k\\$ n \\l QD }, 

U n = {zeU 2 \ \\®n\\{z)<k\\<f> n \\i QD }. 

We have 

(5-2) / — :\\®n\\dv H 2 = ( I + I ) — ~. r ||^n||^H2. 

J m2 L+\^ n \ \JD n ./[/„/ 1 + l^n| 

By Proposition 2.1, for any z G D n , the maximal <E> n -radius R n ,z satisfies R n , z > 
Ci/c for some absolute constant C\ > 0. By the result on page 63 of [Hn], we have 
|A*n| > for some constant n(k) such that n(/c) — > 1 as k — > oo. Hence we have 

(5-3) / — r |l^nlldVff» < : , 1 /M / \\®n\\dv m 2. 

For any < 5 < 1, there exists no such that if n > no then 

/ \\$ n \\dv U 2 <8 \\$ n \\dv M 2. 
Ju n Jm 2 

Combine this with (5.1)-(5.3), we have for n > no, 



1 



1 + Mn,0 



H 2 



\$>n\\dv M 2 < 1 I \\<& n \\dv n 2 + 8 I \\<& n \\dv n 2. 
1 + V{k) J Dn Jm 2 
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Hence 

-J— < 1 +s . 

Let k — > oo, and then let 5 — > 0, we have 

1 1 

hm sup — < -. 

n^oo J- "T fJ>n,0 ^ 

Since < fx ny o < 1 for all n, we have lim^^oo fj, n $ = 1. From this, it is easy to see 
that dr (<8 ($'„), 0) -> oo. 

Corollary 5.1. Let JF as m Proposition 5.1. Let <E> n = <fi n dz 2 G JF. Suppose 
|||$ n ||| = 1. Let A n = J H2 ||$ n ||^ H 2 = / D |0 n |d:rdy. Suppose lim n ^ ^ c/) n /A n = ip 
such that J B \ifj\dxdy = 1, then *B(t n $ n ) — > oo /or any £ n — > oo. in particular 03 is 
proper on any finite dimensional subspace of T . 



Proof. For any 1 > 5 > 0, we can find 1 > r > 0, such that 

|-i/>|d£dy =1 — 5, 



where D ro = {\z\ < r }. We have 



/ 



r 



(5.1) / ^ > 1-25, 



provided n is large enough. For any k > 0, let e n = fc£ n 4 , where t n — > oo. Let 
f/« = {^ H 2 | |M„||(z) < fc|||t n $ n |||i} = {ze H 2 | ||$ n ||(z) < e n }. 



ro 

2 1 1 a ii ^ ~\ ^ , /i ,„ \— 2 



Note that if $ n = (p n dz 2 , then for zeU n n 

|0nlW < C7i(l - t-o)- 2 ||^„||(^) <e n (l-r ) 
for some absolute constant C\. Hence by (5.4), 

(5.5) / ||$ n ||dw H 2 < / \(f> n \dxdy+ / \<j) n \dxdy 

Ju n Ju n nn ro JD\o ro 



< " + 2<L4 n . 

(1 - r ) 2 

Since |||$ n ||| = 1, by applying the mean value inequality to |</> n |(z) at a point z n 
with ||$ n ||(z n ) > |, we conclude that A n > C2 for some abolute constant C2 > 0. 
By the definition of e n , we have e n — > as n — > 00. Hence (5.5) implies that we 
have 

Jjy ||tn$n||dw H 2 ||$ n ||cfo e 2 

lim sup " — — — = lim sup — - — 

n^oo Jjj2 I l^n^nlafH 2 n^oo A n 

< 25. 
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Since 5 is arbitrary, t n $ n satisfies the conditions in the Proposition 5.2. Hence the 
first part of corollary is proved. 

To prove the second part of the corollary, let 7i be a finite dimensional subspace 
of T with basis . . . , tyf-- If $ n ^ ^ is such that | ||<& n || | — > oo, then $ n = 
such that |||$n||| = 1 and $ n = J2j=i a n,j^j with ^7=1 a n,j being uniformly 
bounded. From this, it is easy to see that the second part of the corollary follows. 

Let $ = (pdz 2 G T. Define 





1 - 


az 


4 


(ll-l 


a\ 


2)2 



l^loo = inf sup\(f)(z)\— = inf sup|0 o (C)|, 



where <^> a dC 2 = * and ( = fz§~ z - 

I^U 1 = / \4>\dxdy = / ||$||dvjf2. 



Note that 



/ \(f)\dxdy = / \4>a\dxdy 



if 4> and a are related as above. 

Corollary 5.2. Let T\ = {$ G |||$||| = 1, |<&|oo < oo}. Let $ n G J^i, and 

t n — > oo 6e a sequence such that l^nlool^nl^? = o(tn)j ^ en ^T(3S(*n^n)> 0) — *■ °°- 
in particular, if \^ n \oo\^n\~[i < C /or some constant C independent of n, then 
dr(?B(tn®n), 0) -> oo, /or any t n -> oo. 

Proof. For each n, by the definition, by a linear fractional transformation of D if 

necessary, we may assume that $ n = <j) n dz 2 , with (sup z6D |0 n |(^)) |0 n |£i = o(t n )- 
Let M n = sup z6D |^>n|(-2) and I n = l^nU 1 - We claim that 

(5.6) /* < CiMn 

for all n and for some absolute constant C\. Fix n, take r such that 



/ \<f> n \dxdy = \ I n , 

JO(ro) 1 



where D(ro) = {z\ \z\ < r }. Since |||$ n ||| = 1, we have 



C 2 



(5.7) \l n = [ \<f> n \dxdy < C 2 f °(1 - r)" 2 < - 

2 JD(r ) JO 1 _ r 

where C 2 is an absolute constant. On the other hand 



2 

Hence 



\l n = I \(f> n \dxdy <M n - 2tt (1- r ). 

2 ./BUIXj-n') 



1 7 C 2 



2 " " 1 - r„ 

27rM n C 2 



< 



1/ 
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From this (5.6) follows. 
Now for any k > 0, let 



U n = {z G H 2 | \\t n <S> n \\(z) < A;|||t n $ n ||| 3 / 4 } 

= {zeU 2 \ ||$ n ||(z)<fce n |||$ n ||| 3 / 4 } 



where e n = t n 4 . Let 5 n = ( ,. , fce " a . By (5.6) and the fact that e n — > 0, we have 

5 n — > as n — * oo. As in the proof of Corollary 5.1, I n > C3 for some absolute 
constant C3. Hence Snl^ 1 — > as n — > 00. If n is large enough so that Snl^ 1 < 1, 
then we take r n such that 1 — r n = Denote D(r n ) = {z| |z| < r n }. Then 

(5.8) / |0 n |efecfy<27rM n (l-r 2 ) 

J(p\B n )nu n 

< 4n(M n I- 2 )5 n I n . 
On the other hand, as in the proof of (5.7), we have 

/ \(f) n \dxdy < C 4 /ce n (l - r n ) _1 

Jn(r n )nu n 

= C^kt n 5 n I n 
for some constant C4 independent of n. Hence 

,,\dxdy < C 5 {M n I- 2 5 n + ktnd' 1 } I n 

= 2C 5 {ke n M n I- 2 y I n 
for some constant C5 independent of n. Hence if n is large enough, 

f v \(t> n \dxdy 



/ , w 



In \<j>n\dxdy 



<2C 5 {ke n M n I- 2 y . 



By the assumption, the right side of the above inequality tends to zero as n — > 
and the corollary follows. 

Example 1. Let $ n = 4> n dz 2 = c n n 2 z n dz 2 , where c n is chosen so that |||$ n ||| = 
1. Direct computations show that C -1 < c n < C for some positive constant C 
independent of n. Then sup z6B |0 n |(,z) = c n n 2 , and J B \4> n \dxdy = 2 ^+2" . Hence 
the |$ n |oo|^nlif < C for some constant C independent of n. Hence by Corollary 
5.2, for any subsequence nu and for any tk — > 00 we have dr(55(^fc^n fe ), 0) — > 00. 

Example 2. Consider (2 — l) n (i^ 2 . Then direct computation shows 

sup(l-|^|) 2 |z-ir = c n n- 2 2 n 

zed 

where C _1 < c n < C for some constant C > independent of n. Let $ n = 
c^n 2 2~ n (z — l) n dz 2 = (p n (z)dz 2 , where c' n is chosen so that |||$ n ||| = 1- Note that 
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C" 1 < c' n < C for some C > independent of n. Let a = - n+8 ~^ / "+ ? , note that 
-1 < a < 0. 

(5.9) 

ll — I 4 

sup \(/> n (z)\ \~ a l\ 2 =c' n n 2 2- n sup |e ie -l| n ll-ae^^l-a^- 
z^ini (1 — a j n<^<27r 



z6D I J- — « J O<0<2tt 

2 

-2\-2 



/ „2 • - # 



= c n n sup sin - 

O<0<2tt 2 



(1 - a) 2 + 4a sin 2 - 
2 



= c> 2 

0<t<l 



(1-a 2 )" 

sup r [(l-a) 2 + 4at 2 ] z (l-a 2 )" 2 . 



Let f(t) = t n [(1 - a) 2 + 4at 2 ] 2 , then /(0) = 0. Suppose /(*), < t < 1 attains its 
maximum at to £ (0, 1), then /'(to) = 0, and 

nto' 1 [(1 - a) 2 + 4a* 2 ,] 2 + $ • 2 [(1 - a) 2 + 4a^] • 8at = 0. 

Hence i 2 , = — ~" 4 j = 1 by the choice of a, which is impossible. Hence, for 
< t < 1, /(£) attains its maximum at t = 1. By (5.9), we have 

|$nU < c> 2 [(l-a) 2 + 4a] 2 (l-a 2 )- 2 
= c> 2 (l + a) 2 (l-a)" 2 . 
Since a < 0, 1 — a > 1. Also 

n + 8 - 4Vn + 4 -8 + 4a/h + 4 
1 + a = 1 = . 

n n 

Hence 

(5.10) |$ n |oo < Cm 

for some constant Ci independent of n. On the other hand 

/ \z-l\ n dxdy = [ [ \r 2 + 1 - 2r cos 9\% rdrd9 

JB J2-k JO 



-7T -'O 



1 

2 



r + 1 + 2r cos 2 rdrdO 



f 1 r9 2 
> j j (r + l) n |l- M ■ \zrdrd6 



o 



(1 + r) 2 



Vn Jo V 2n(l + r) 2 ' 



> C 3 2 n n"i 

> C 4 n? 

for some constants C 2 C 4 independent of n. By Corollary 5.2, we also have 

*8(£fc<I>n fc ) — > oo for all subsequence and for all tk — > oo. 

In the last section of [Wn], it was proved that 23 is continuous, and in section 4 
of [T-W 2], it was proved that the image of 23 is open and 23 is a diffeomorphism 
from BQD(H 2 ) into T. From the proof of the proposition 14 in [Wn], 23 is in fact 
uniformly continuous on bounded subsets of BQD(H 2 ). On the other hand, we 
have the following: 
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Proposition 5.3. Let R > and let 

B(R) = {$ e BQD(E. 2 )\ (PHI < R}. 

Let T(R) = 03 (B(R)). Then Q3 _1 is uniformly continuous on T(R). 

Proof. For any complex measurable function fi on D such that H/^loo < 1 5 denote 
to be the unique quasi-conformal map on O with boundary value / M which fixes 
1, i, —i. Suppose / M can be extended to a quasi-conformal harmonic diffeomor- 
phism, then the harmonic map will be denoted by F^ and its complex dilation is 
denoted by \x. By theorem 13 in [Wn], there exists < k < 1 such that if [/] G T(R) 
then Halloo < where fi is the complex dilatation of an extremal quasi-confomal 
map with boundary value in [/]. 

T*(R) = \i is measurable, Halloo < k and [/ M ] eT(R)}. 

Note that if fi G T*(R), then / M can be extended to a quasi-conformal harmonic 
diffeomorphism with Hopf differential in B(R). We claim that for any e > 0, there 
is 5 > such that if \i, v in T*(R) and ||/x — t'lloo < $ then | j/i — ^| loo < e - If 
the claim is true, then by the definition of dr and by the method as in the proof 
of proposition 14 in [Wn], one can conclude that *B _1 is uniformly continuous on 
TOR). 

First we prove the following, given e > 0, there is 5 > such that if \i and v 
are in T*{R), then |//(0) — P(0)| < e. Suppose not, then there is e > and two 
sequences fj, n , v n in T*(R) such that ||/i n — ^n||oo — > 0, but |/2 n (0)— £ n (0)| > e. Since 
1 1 An | |oo < &i and 1 1 £ n | |oo < fei for some < fci < 1 by [Wn], passing to subsequences 
if necessary, F^ n and F Vn converge uniformly on D to normalized quasi-conformal 
harmonic diffeomorphisms i^i and Hi respectively. Since | |/z n — z/ n | |oo — > and jii n , 
z/ n are in T~*(R), Hi and -ff 2 must have the same boundary value and so Hi = H 2 
by [L-T 3]. It then follows that |/i n (0) — £ n (0)| — > 0, which is a contradiction. 

Now, for any e > 0, let 5 > be as above. Let fi, v be in T*(R) such that 
Ha* ~~ Hloo < 5. Let a G D and </>(z) = (z — a)/(l — az). Define /Ui and z/i by 

and 

Then J^ 1 = ^ o / M o and J^ 1 = h v o f v o <\r x where /i^ and /i" are the 
linear fractional transformations which map D onto itself and are chosen so that 
f^ 1 and fix 1, i, —i respectively. Obviously / Ml and f Vx have quasi-conformal 
representatives F^ 1 and F^ 1 . In fact, 

F Ml = WoF^o^- 1 



and 



F" 1 = ^ of" O0- 1 . 
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Moreover, the Hopf differentials of F^ 1 and F Ul are in B(R). Hence fix, v\ are in 
T*(R) becasue ||/2i||oo = 1 1 A*j |oo < k and ||£t||oo = Halloo < k . 
We also have 

(ft)' 

and 

Note that 

H/^i — ^llloo = Mm — < 5. 

Therefore 

\fjL(a) - u(a)\ = |//i(0)-i/i(0)| <e. 
Since a is any point in D, the claim follows. 

Appendix: Trajectories and Image Accumulation. 

In this appendix, seven figures of horizontal trajectories defined by a quadratic 
differential are shown. These pictures of trajectories are produced by programming 
in Mathematica. Some trajectories may be broken due to slow convergence of the 
algorithm. In fact it should be smoothly defined for all time. Nevertheless, the 
qualitative behavior of the trajectory patterns is shown clearly. In some figures, 
the correponding harmonic map produces an image which has a good accumulation 
structure on the boundary. This structure is also shown on the unit disk. 

Finitely Many Accumulations 

Figure 1. $ = e z dz 2 (See Theorem 3.1 and Corollary 3.1). This example is 
the basis of all others. The trajectories have a 2ni periodicity. The image of the 
corresponding harmonic map has an accumulation point at —1. 



Figure 2. $ = (e z + l)dz 2 (See Theorem 4.1). 
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Figure 3. $ = (e z — l)dz 2 (See Theorem 4-1)- From this and the previous one, a 
lower order term may significantly change the behavior of the harmonic map. This 
one has two accumulation points at ±1 while the previous one has only one. 
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Figure 4- $ = sinh 2 zdz 2 ( See Theorem J^.l). This is another example that the 
fundamental region is different while there are also two accumulation points. 



6 
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Figure 6. $ = e z +z dz 2 (See Theorem 3.1 and Corollary 3.1). The image of 
this example should have 3 accumulation points. 
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Accumulation of accumulating points 

Figure 7. $ = e e dz 2 (See Theorem Finally, this is an example about 

accumulation of accumulations. The image has infinitely many accumulation points 
marked by dots outside the unit circle, which in turns accumulate at —1. 
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